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Devwudfw

Dffruglqj wr frqyhqwlrqdo zlvgrp/ orqj0whup erqgv duh dssursuldwh iru orqj0whup
lqyhvwruv zkr ydoxh vwdelolw| ri lqfrph1 Zh ghyhors d prgho ri rswlpdo frqvxpswlrq
dqg sruwirolr fkrlfh iru lq�qlwho|0olyhg lqyhvwruv idflqj vwrfkdvwlf lqwhuhvw udwhv/ vroyh
lw xvlqj dq dssur{lpdwh dqdo|wlfdo phwkrg/ dqg hydoxdwh wkh frqyhqwlrqdo zlvgrp1
Zh vkrz wkdw wkh ghpdqg iru orqj0whup erqgv kdv erwk d p|rslf frpsrqhqw dqg dq
lqwhuwhpsrudo khgjlqj frpsrqhqw1 Dv ulvn dyhuvlrq lqfuhdvhv/ wkh p|rslf frpsrqhqw
vkulqnv wr }hur exw wkh khgjlqj frpsrqhqw grhv qrw1 Dq lq�qlwho| ulvn0dyhuvh lqyhvwru
zkr lv lq�qlwho| xqzloolqj wr vxevwlwxwh frqvxpswlrq lqwhuwhpsrudoo| vkrxog krog d
sruwirolr ri orqj0whup lqgh{hg erqgv wkdw lv htxlydohqw wr dq lqgh{hg shushwxlw|1 Wklv
sruwirolr �qdqfhv d ulvnohvv frqvxpswlrq vwuhdp dqg lq wklv vhqvh surylghv d vwdeoh
lqfrph1

Zh fdoleudwh rxu prgho wr srvwzdu XV gdwd dqg frpsduh frqvxpswlrq dqg sruwir0
olr uxohv zlwk dqg zlwkrxw erqg lqgh{dwlrq/ sruwirolr frqvwudlqwv/ dqg wkh srvvlelolw|
ri lqyhvwphqw lq htxlwlhv1 Zh �qg wkdw zkhq lqgh{hg erqgv duh qrw dydlodeoh/ lq dwlrq
ulvn ohdgv lqyhvwruv wr vkruwhq wkhlu erqg sruwirolrv dqg lqfuhdvh wkhlu suhfdxwlrqdu|
vdylqjv1 Wklv kdv vhulrxv zhoiduh frvwv iru frqvhuydwlyh lqyhvwruv/ zkr duh pxfk ehwwhu
r� zkhq wkh| kdyh wkh rssruwxqlw| wr ex| lqgh{hg erqgv1 Zh dovr �qg wkdw wkh udwlr
ri erqgv wr htxlwlhv lq wkh rswlpdo sruwirolr lqfuhdvhv zlwk wkh frh!flhqw ri uhodwlyh
ulvn dyhuvlrq/ zklfk lv frqvlvwhqw zlwk frqyhqwlrqdo sruwirolr dgylfh exw lqfrqvlvwhqw
zlwk wkh pxwxdo ixqg wkhruhp ri vwdwlf sruwirolr dqdo|vlv1 Rxu uhvxowv looxvwudwh wkh
jhqhudo srlqw wkdw vwdwlf sruwirolr fkrlfh prghov vkrxog qrw eh xvhg wr vwxg| wkh
g|qdplf sureohpv idflqj orqj0whup lqyhvwruv1

MHO fodvvl�fdwlrq= J451

Nh|zrugv= Lqgh{hg erqgv/ lqwhuwhpsrudo sruwirolr fkrlfh/ orqj0whup lqyhvwruv/
pxwxdo ixqg wkhruhp/ uhfxuvlyh xwlolw|/ whup vwuxfwxuh ri lqwhuhvw udwhv1



EXECUTIVE SUMMARY

According to conventional wisdom, long-term bonds are appropriate for long-term
investors who value stability of income.  We develop a model of optimal consumption
and portfolio choice for infinitely-lived investors facing stochastic interest rates, solve it
using an approximate analytical method, and evaluate the conventional wisdom.

We show that investors may hold long-term bonds for two reasons. First, if long-term
bonds offer a term premium then investors may hold them for speculative purposes, to
increase their expected portfolio return even at the cost of some extra short-term risk.
This "myopic demand'' for long-term bonds can be large when risk aversion is small,
because long-term bonds have attractive Sharpe ratios. Second, long-term investors may
hold long-term bonds for hedging purposes. Long-term bonds can finance a stable long-
run consumption stream even in the face of time-varying short-term interest rates, and
this is attractive to risk-averse long-term investors. In the extreme cases where there is no
term premium, or where investors are infinitely risk-averse, the myopic demand for long-
term bonds is zero and all bond demand is accounted for by the hedging demand.

We show that indexed bonds are particularly suitable for hedging purposes, because they
do not impose extraneous inflation risk on long-term investors seeking a stable real
consumption path. When long-term indexed bonds are available, an infinitely risk-averse
long-term investor with zero intertemporal elasticity of substitution holds a bond
portfolio that is equivalent to an indexed perpetuity. The indexed perpetuity is the riskless
asset for a long-term investor, since it finances a constant consumption stream forever.
When only nominal bonds are available, highly risk-averse investors shorten their bond
portfolios in order to reduce their exposure to inflation risk. Less risk-averse investors
hold long-term nominal bonds for speculative purposes if there is a positive inflation risk
premium.

We extend our approach to solve the intertemporal portfolio choice problem imposing
short-sale and borrowing constraints. This is possible because our solution takes the same
form as the solution to a static portfolio choice problem for which standard mean-
variance analysis is appropriate. Therefore we can solve our constrained problem using
methods that have been developed to solve static problems with portfolio constraints.

Our constrained solution enables us to study the welfare effects of bond indexation in a
realistic framework. When portfolio constraints are in place, and both nominal and
indexed bonds are available to investors, more conservative investors hold in their
portfolios relatively more indexed bonds than nominal bonds. These investors benefit
substantially from the consumption insurance provided by long-term indexed bonds.

We also study the demand for bonds when equities are available as an alternative
investment. We find that the ratio of bonds to stocks in the optimal portfolio increases
with risk aversion, very much in line with popular investment advice but contrary to the
mutual fund theorem of static portfolio analysis. However the demand for long-term



bonds is only large when these bonds are indexed, or when inflation uncertainty is low as
it has been in the Volcker-Greenspan monetary policy regime since 1983.

Our analysis also has interesting implications for the design of pension plans and
annuities. Our results suggest that conservative investors should favor indexed defined-
benefit plans, while more risk-tolerant investors may be willing to accept some inflation
or equity risk in their retirement income in exchange for higher average payments.



4 Lqwurgxfwlrq
Orqj0whup erqgv kdyh ehhq lvvxhg iru fhqwxulhv/ dqg wkh| uhpdlq h{wuhpho| frpprq
�qdqfldo lqvwuxphqwv1 Lw lv qdwxudo wr vxssrvh wkdw erqgv kdyh ehhq srsxodu ehfdxvh
wkh| phhw wkh qhhgv ri dq lqyhvwru folhqwhoh1 Lqyhvwphqw dgylvhuv dqg �qdqfldo mrxu0
qdolvwv/ iru h{dpsoh/ riwhq vd| wkdw erqgv duh dssursuldwh iru orqj0whup lqyhvwruv zkr
vhhn d vwdeoh lqfrph1

Fxulrxvo|/ prghuq �qdqfldo hfrqrplfv kdv olwwoh wr vd| derxw wkh ghpdqg iru orqj0
whup erqgv1 Lq wkh hduo| srvwzdu shulrg Klfnv +4<79,/ iroorzlqj Nh|qhv +4<63, dqg
Oxw} +4<73,/ dujxhg wkdw lqyhvwruv zrxog qdwxudoo| suhihu wr krog vkruw0whup erqgv
dqg zrxog rqo| krog orqj0whup erqgv li frpshqvdwhg e| d whup suhplxp1 Prgljoldql
dqg Vxwfk +4<99, frxqwhuhg wkdw vrph lqyhvwruv pljkw kdyh d suhihuhqfh iru orqj0
whup erqgv +d orqj0whup �suhihuuhg kdelwdw�,/ dqg vxfk lqyhvwruv zrxog uhtxluh d
suhplxp wr jr vkruw/ qrw d suhplxp wr jr orqj1 Krzhyhu Prgljoldql dqg Vxwfk zhuh
ydjxh derxw wkh fkdudfwhulvwlfv ri lqyhvwruv wkdw zrxog ohdg wr d orqj0whup suhihuuhg
kdelwdw1 Wkh| wrrn lw dv d jlyhq wkdw vrph lqyhvwruv zrxog ghvluh vwdeoh zhdowk dw d
orqj udwkhu wkdq d vkruw krul}rq15

Vlqfh wkh 4<93*v wkhuh kdv ehhq d ydvw lqfuhdvh lq wkh vrsklvwlfdwlrq ri erqg sulf0
lqj prghov/ exw olwwoh ixuwkhu surjuhvv kdv ehhq pdgh lq xqghuvwdqglqj wkh ghpdqg
iru orqj0whup erqgv1 Uhfhqw dxwkruv/ exloglqj rq wkh vhplqdo frqwulexwlrqv ri Yd0
vlfhn +4<::, dqg Fr{/ Lqjhuvroo/ dqg Urvv +4<;8,/ kdyh uhodwhg whup suhpld wr wkh
fryduldqfhv ri erqg uhwxuqv zlwk dq h{rjhqrxvo| vshfl�hg vwrfkdvwlf glvfrxqw idfwru/
exw kdyh qrw dvnhg zkdw erqg sruwirolrv duh rswlpdo iru gl�huhqw w|shv ri lqyhvwruv16

Rqh uhdvrq iru wklv jds lq wkh olwhudwxuh pd| eh wkdw lw lv h{wuhpho| kdug wr
fkdudfwhul}h rswlpdo sruwirolr vwudwhjlhv iru orqj0whup lqyhvwruv1 Vdpxhovrq +4<9<,
dqg Phuwrq +4<9</ 4<:4, rewdlqhg vrph h{solflw uhvxowv xqghu wkh dvvxpswlrq wkdw
uhdo dvvhw uhwxuqv duh lqghshqghqwo| dqg lghqwlfdoo| glvwulexwhg ryhu wlph> exw wklv
dvvxpswlrq lpsolhv wkdw uhdo lqwhuhvw udwhv duh frqvwdqw/ vr lq wkh devhqfh ri lq dwlrq
xqfhuwdlqw|�ru zlwk ixoo lqgh{dwlrq ri erqg sd|phqwv wr lq dwlrq�erqg uhwxuqv duh
qrqudqgrp dqg doo erqgv duh shuihfw vxevwlwxwhv iru fdvk1 Ilvfkhu +4<:8,/ Erglh/
Ndqh/ dqg PfGrqdog +4<;8,/ dqg Yldug +4<<6, kdyh qrqhwkhohvv xvhg wklv dvvxps0

5Wkh| zurwh= �Vxssrvh wkdw d shuvrq kdv dq q shulrg kdelwdw> wkdw lv/ kh kdv ixqgv zklfk kh zloo
qrw qhhg iru q shulrgv dqg zklfk/ wkhuhiruh/ kh lqwhqgv wr nhhs lqyhvwhg lq erqgv iru q shulrgv1 Li kh
lqyhvwv lq q shulrg erqgv/ kh zloo nqrz h{dfwo| wkh rxwfrph ri klv lqyhvwphqwv dv phdvxuhg e| wkh
whuplqdo ydoxh ri klv zhdowk1111 Li/ krzhyhu/ kh vwd|v vkruw/ klv rxwfrph lv xqfhuwdlq1111 Wkxv/ li kh
kdv ulvn dyhuvlrq/ kh zloo suhihu wr vwd| orqj� xqohvv frpshqvdwhg e| d whup suhplxp +ss1 4;6�4;7,1

6Fdpsehoo/ Or/ dqg PdfNlqod| +4<<:,/ Gdl dqg Vlqjohwrq +4<<:,/ dqg Vkloohu +4<<3, uhylhz wkh
uhfhqw erqg sulflqj olwhudwxuh1
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wlrq wr vwxg| erqg ghpdqg1 Lq Ilvfkhu*v prgho wkhuh lv rqh qrplqdo erqg zlwk d
�{hg qrplqdo lqwhuhvw udwh/ dqg rqh lqgh{hg erqg zlwk d �{hg uhdo lqwhuhvw udwh1 Wkh
pdwxulw| ri wkhvh erqgv qhhg qrw eh vshfl�hg/ vlqfh erqgv ri doo pdwxulwlhv duh shu0
ihfw vxevwlwxwhv iru hdfk rwkhu17 Erglh/ Ndqh/ dqg PfGrqdog xvh klvwrulfdo gdwd wr
hvwlpdwh wkh yduldqfh0fryduldqfh pdwul{ ri uhdo uhwxuqv rq qrplqdo erqgv/ dvvxplqj
wkdw wklv pdwul{ dqg phdq uhdo erqg uhwxuqv duh frqvwdqw ryhu wlph1 Lq wkhlu prgho
udqgrp lq dwlrq doorzv lpshuihfw vxevwlwxwdelolw| dprqj qrplqdo erqgv ri gl�huhqw
pdwxulwlhv/ exw frqvwdqw uhdo lqwhuhvw udwhv lpso| wkdw orqj0whup dqg vkruw0whup lq0
gh{hg erqgv duh shuihfw vxevwlwxwhv1 Yldug xvhv wkh vdph iudphzrun dv Erglh/ Ndqh/
dqg PfGrqdog dqg ghulyhv vrph ixuwkhu dqdo|wlfdo uhvxowv1

Phuwrq +4<9</ 4<:4/ 4<:6, vwxglhg wkh lqwhuwhpsrudo sruwirolr fkrlfh sureohp
zlwk wlph0ydu|lqj lqyhvwphqw rssruwxqlwlhv/ lqwurgxflqj wkh lpsruwdqw frqfhsw ri
lqwhuwhpsrudo khgjlqj ghpdqg iru �qdqfldo dvvhwv/ exw kh glg qrw rewdlq h{solflw
vroxwlrqv iru sruwirolr zhljkwv1 Uhfhqwo| d qxpehu ri dxwkruv vxfk dv Edogx}}l dqg
O|qfk +4<<:,/ Eduehulv +4<<;,/ Eudqgw +4<<;,/ dqg Euhqqdq/ Vfkzduw}/ dqg Odjqdgr
+4<<9/ 4<<:, kdyh xvhg qxphulfdo phwkrgv wr vroyh sduwlfxodu orqj0uxq sruwirolr fkrlfh
sureohpv/ zkloh Nlp dqg Rpehuj +4<<9, dqg Fdpsehoo dqg Ylfhlud +4<<<, kdyh
ghulyhg vrph dqdo|wlfdo uhvxowv/ exw wkhvh sdshuv jhqhudoo| frqfhqwudwh rq wkh fkrlfh
ehwzhhq fdvk dqg htxlwlhv udwkhu wkdq wkh ghpdqg iru orqj0whup erqgv1

Lq wklv sdshu zh vwxg| lqwhuwhpsrudo sruwirolr fkrlfh lq dq hqylurqphqw zlwk
udqgrp uhdo lqwhuhvw udwhv1 Zh xvh dq dssur{lpdwlrq whfkqltxh ghyhorshg lq rxu
hduolhu sdshuv +Fdpsehoo 4<<6/ Fdpsehoo dqg Ylfhlud 4<<<, wr uhsodfh wkh lqwudfwdeoh
sruwirolr fkrlfh sureohp zlwk dq dssur{lpdwh sureohp wkdw fdq eh vroyhg xvlqj wkh
phwkrg ri xqghwhuplqhg frh!flhqwv1 Zh xvh wkh dssur{lpdwh vroxwlrq wr xqghuvwdqg
wkh ghpdqg iru orqj0whup erqgv1

Zh fdoleudwh rxu prgho wr klvwrulfdo gdwd rq wkh XV whup vwuxfwxuh ri lqwhuhvw udwhv/
dqg uhsruw rswlpdo sruwirolrv iru lqyhvwruv zlwk d zlgh udqjh ri gl�huhqw dwwlwxghv
wrzdugv ulvn dqg lqwhuwhpsrudo vxevwlwxwlrq ri frqvxpswlrq1 Lq rughu wr vwxg| wkh
h�hfwv ri lq dwlrq ulvn rq rswlpdo erqg sruwirolrv dqg lqyhvwru zhoiduh/ zh frpsduh
wkh vroxwlrqv wr rxu prgho zkhq rqo| lqgh{hg erqgv duh dydlodeoh zlwk wkh vroxwlrqv
zkhq rqo| qrplqdo/ ru erwk qrplqdo dqg lqgh{hg erqgv duh dydlodeoh1 Zh dovr doorz

7Ilvfkhu dovr frqvlghuv pxowlsoh jrrgv zkrvh uhodwlyh sulfhv pd| fkdqjh> wklv doorzv klp wr
lqwurgxfh pxowlsoh lqgh{hg erqgv/ exw wkh erqgv duh glvwlqjxlvkhg e| wkh sulfhv wr zklfk wkh|
duh lqgh{hg/ dqg qrw e| pdwxulw|1 Ilvfkhu uhfrjql}hv wkdw klv dvvxpswlrqv pd| eh sureohpdwlf/
frqfoxglqj �Lw lv srvvleoh wkdw wrr olwwoh xqfhuwdlqw| derxw wkh uhwxuqv iurp kroglqj qrplqdo erqgv
dqg htxlw| ryhu orqj shulrgv lv uh hfwhg lq wkh edvlf prgho ri wkh sdshu dqg wkdw vxfk xqfhuwdlqw|
zrxog uhvxow lq sruwirolr kroghuv ehlqj zloolqj wr sd| d vxevwdqwldo suhplxp iru d orqj0whup lqgh{hg
erqg� +s1 85;,1 Wklv sdshu h{soruhv Ilvfkhu*v frqmhfwxuh1
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iru eruurzlqj dqg vkruw0vdohv frqvwudlqwv/ dqg iru wkh srvvlelolw| ri lqyhvwphqw lq
htxlwlhv1

Zh ehjlq e| vshfli|lqj d vlpsoh wzr0idfwru prgho ri wkh whup vwuxfwxuh ri lqwhuhvw
udwhv/ dxjphqwhg wr �w htxlw| dv zhoo dv erqg uhwxuqv1 Wkh wzr idfwruv duh wkh orj
uhdo lqwhuhvw udwh dqg wkh orj h{shfwhg udwh ri lq dwlrq1 Hdfk idfwru iroorzv d qrupdo
�uvw0rughu dxwruhjuhvvlyh +DU+4,, surfhvv zlwk frqvwdqw yduldqfh1 Wklv lpsolhv wkdw
orj erqg |lhogv duh olqhdu lq wkh idfwruv dqg wkh prgho lv lq wkh wudfwdeoh �d!qh |lhog�
fodvv +Gdl dqg Vlqjohwrq 4<<:/ Gx!h dqg Ndq 4<<9,1 Wkh prgho iru wkh uhdo whup
vwuxfwxuh lv d glvfuhwh0wlph yhuvlrq ri Ydvlfhn +4<::,/ zkloh wkh prgho iru wkh qrplqdo
whup vwuxfwxuh lv d glvfuhwh0wlph yhuvlrq ri Odqjhwlhj +4<;3,1 Forvho| uhodwhg prghov
duh glvfxvvhg lq Fdpsehoo/ Or/ dqg PdfNlqod| +4<::,/ Fkdswhu 441

Qh{w zh frqvlghu wkh sruwirolr fkrlfh sureohp iru dq lq�qlwho|0olyhg lqyhvwru zkr
kdv rqo| �qdqfldo zhdowk dqg pxvw fkrrvh frqvxpswlrq dqg rswlpdo sruwirolr zhljkwv
lq hdfk shulrg1 Ehfdxvh wkh lqyhvwru lv lq�qlwho|0olyhg/ vkh grhv qrw ydoxh vwdelolw|
ri zhdowk dw dq| xqltxh krul}rq> udwkhu vkh fduhv derxw wkh orqj0uxq surshuwlhv ri
khu frqvxpswlrq sdwk1 Zh dvvxph wkdw wkh lqyhvwru*v suhihuhqfhv duh ri wkh irup
vxjjhvwhg e| Hsvwhlq dqg ]lq +4<;</ 4<<4,> wkh lqyhvwru kdv frqvwdqw uhodwlyh ulvn
dyhuvlrq dqg frqvwdqw lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq lq frqvxpswlrq/ exw
wkhvh sdudphwhuv qhhg qrw eh uhodwhg wr rqh dqrwkhu1 Hsvwhlq0]lq suhihuhqfhv qhvw wkh
wudglwlrqdo srzhu0xwlolw| vshfl�fdwlrq lq zklfk uhodwlyh ulvn dyhuvlrq lv wkh uhflsurfdo
ri wkh lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq1

Zh vkrz wkdw wkh lqyhvwru*v ghpdqg iru orqj0whup erqgv fdq eh ghfrpsrvhg lqwr
d �p|rslf� ghpdqg dqg d �khgjlqj� ghpdqg1 P|rslf ghpdqg ghshqgv srvlwlyho| rq
wkh whup suhplxp/ dqg lqyhuvho| rq wkh yduldqfh ri orqj0whup erqg uhwxuqv dqg wkh
lqyhvwru*v ulvn dyhuvlrq1 Dv ulvn dyhuvlrq lqfuhdvhv/ p|rslf ghpdqg vkulqnv wr }hur1
Khgjlqj ghpdqg/ rq wkh rwkhu kdqg/ lv sursruwlrqdo wr rqh plqxv wkh uhflsurfdo ri ulvn
dyhuvlrq1 Lw lv }hur zkhq ulvn dyhuvlrq lv rqh exw dffrxqwv iru doo erqg ghpdqg zkhq
ulvn dyhuvlrq lv lq�qlwho| odujh1 Zh vkrz wkdw dq lq�qlwho| ulvn0dyhuvh lqyhvwru zlwk
}hur lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq lq frqvxpswlrq zloo fkrrvh dq lqgh{hg
erqg sruwirolr wkdw lv htxlydohqw wr dq lqgh{hg shushwxlw|/ wkdw lv/ d sruwirolr wkdw
gholyhuv d ulvnohvv vwuhdp ri uhdo frqvxpswlrq1 Lq wklv zd| zh duh deoh wr vxssruw wkh
frpprqvhqvh ylhz wkdw orqj0whup erqgv duh dssursuldwh iru orqj0olyhg lqyhvwruv zkr
ghvluh vwdelolw| ri lqfrph1

Rxu dqdo|vlv gholyhuv h{solflw vroxwlrqv iru sruwirolr zhljkwv/ frqvxpswlrq uxohv/
dqg lqyhvwru zhoiduh1 Zh fdq frpsduh lqyhvwru ehkdylru xqghu dowhuqdwlyh dvvxps0
wlrqv derxw wkh dydlodeoh phqx ri dvvhwv1 Zh �qg wkdw zkhq lqgh{hg erqgv duh qrw
dydlodeoh/ lq dwlrq ulvn ohdgv lqyhvwruv wr vkruwhq wkhlu erqg sruwirolrv dqg lqfuhdvh
wkhlu suhfdxwlrqdu| vdylqjv1 Wklv kdv vhulrxv zhoiduh frvwv iru frqvhuydwlyh lqyhvwruv/
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zkr duh pxfk ehwwhu r� zkhq wkh| kdyh wkh rssruwxqlw| wr ex| lqgh{hg erqgv1
Zh dovr frqvlghu rswlpdo sruwirolrv zkhq htxlwlhv/ dv zhoo dv erqgv/ duh dydlodeoh1

Zh �qg wkdw wkh udwlr ri erqgv wr htxlwlhv lq wkh rswlpdo sruwirolr lqfuhdvhv zlwk
wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq1 Dv Fdqqhu/ Pdqnlz/ dqg Zhlo +4<<:, kdyh
srlqwhg rxw/ wklv lv frqvlvwhqw zlwk frqyhqwlrqdo sruwirolr dgylfh exw lqfrqvlvwhqw zlwk
vwdwlf phdq0yduldqfh dqdo|vlv1 Wkh vwdwlf phdq0yduldqfh prgho zlwk d ulvnohvv rqh0
shulrg dvvhw +�fdvk�, suhglfwv wkdw doo lqyhvwruv vkrxog krog d vlqjoh pxwxdo ixqg ri
ulvn| dvvhwv> pruh frqvhuydwlyh lqyhvwruv vkrxog lqfuhdvh wkh udwlr ri fdvk wr wkh ulvn|
pxwxdo ixqg/ exw vkrxog qrw fkdqjh wkhlu uhodwlyh kroglqjv ri ulvn| dvvhwv1 Rxu prgho
khosv wr uhvroyh wkh dvvhw doorfdwlrq sx}}oh lghqwl�hg e| Fdqqhu/ Pdqnlz/ dqg Zhlo>
pruh jhqhudoo| lw xqghuvfruhv wkh gdqjhuv ri xvlqj vwdwlf sruwirolr fkrlfh wkhru| wr
vwxg| wkh g|qdplf sureohpv idfhg e| orqj0whup lqyhvwruv1

Wkh rujdql}dwlrq ri wkh sdshu lv dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh wzr0idfwru whup
vwuxfwxuh prgho/ dqg vkrzv krz lw fdq eh vroyhg iru erqg sulfhv dw doo pdwxulwlhv1 Vhf0
wlrq 6 vhwv xs wkh lqyhvwru*v lqwhuwhpsrudo frqvxpswlrq dqg sruwirolr fkrlfh sureohp/
h{sodlqv rxu dssur{lpdwlrq wr wkh sureohp/ dqg glvfxvvhv wkh dssur{lpdwh vroxwlrq
lq wkh fdvh zkhuh rqo| lqgh{hg erqgv duh dydlodeoh1 Wklv vhfwlrq dovr h{sodlqv wkh
uhodwlrq ri rxu vroxwlrq phwkrg wr wkh dssurdfk ri Fr{ dqg Kxdqj +4<;<,1 Vhfwlrq
7 dvnv krz wklqjv fkdqjh zkhq rqo| qrplqdo erqgv/ ru erwk qrplqdo dqg lqgh{hg
erqgv/ duh dydlodeoh1 Wklv vhfwlrq dovr vkrzv krz wr lpsrvh eruurzlqj dqg vkruw0vdohv
frqvwudlqwv1 Vhfwlrq 8 frqvlghuv wkh frqvxpswlrq dqg sruwirolr fkrlfh sureohp lq wkh
suhvhqfh ri htxlwlhv/ dqg vhfwlrq 9 frqfoxghv1
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5 D Wzr0Idfwru Prgho ri wkh Whup Vwuxfwxuh ri
Qrplqdo Lqwhuhvw Udwhv

514 Vshfl�fdwlrq ri wkh prgho

Rxu irfxv lq wklv sdshu lv wkh plfurhfrqrplf sureohp ri sruwirolr fkrlfh iru dq lq0
glylgxdo lqyhvwru idflqj h{rjhqrxv erqg uhwxuqv1 Lq rughu wr jhqhudwh hpslulfdoo|
uhdvrqdeoh dqg wkhruhwlfdoo| zhoo0vshfl�hg erqg uhwxuqv/ krzhyhu/ zh vwduw e| zulwlqj
grzq d jhqhudo htxloleulxp erqg sulflqj prgho1 Zh frqvlghu d glvfuhwh0wlph/ wzr0
idfwru krprvnhgdvwlf prgho wkdw doorzv iru qrq0}hur fruuhodwlrq ehwzhhq lqqrydwlrqv
lq wkh vkruw0whup uhdo lqwhuhvw udwh dqg lqqrydwlrqv lq h{shfwhg lq dwlrq1

Wkh uhdo sduw ri wkh prgho lv ghwhuplqhg e| wkh vwrfkdvwlf glvfrxqw idfwru +VGI,
�|n� wkdw sulfhv doo dvvhwv lq wkh hfrqrp|1 Lq d uhsuhvhqwdwlyh0djhqw iudphzrun wkh
VGI fdq eh uhodwhg wr wkh pdujlqdo xwlolw| ri d uhsuhvhqwdwlyh lqyhvwru/ exw khuh zh
vlpso| xvh lw dv d ghylfh wr jhqhudwh d frpsohwh vhw ri erqg sulfhv1 Zh dvvxph wkdw
�|n� kdv wkh iroorzlqj orjqrupdo vwuxfwxuh/ d glvfuhwh0wlph yhuvlrq ri Ydvlfhn +4<::,=

�6|n� ' %| n �6c|n�c

%|n� ' E�� �%�>% n �%%| n 0%c|n�c

�6c|n� ' q6%0%c|n� n 06c|n�c +4,

zkhuh 6|n� ' *L}E�|n�� dqg %|/ wkh rqh0shulrg0dkhdg frqglwlrqdo h{shfwdwlrq ri
6|n�/ iroorzv dq DU+4, surfhvv1

Wkh qrplqdo sduw ri wkh prgho lv dovr fkdudfwhul}hg e| d orjqrupdo/ frqglwlrqdoo|
krprvnhgdvwlf vwuxfwxuh=

Z|n� ' 5| n �Zc|n�c

5|n� ' E�� �5�>5 n �55| n �5c|n�c

�5c|n� ' q5%0%c|n� n q5606c|n� n 05c|n�c

�Zc|n� ' qZ%0%c|n� n qZ606c|n� n qZ505c|n� n 0Zc|n�c +5,

zkhuh Z|n� lv wkh orj lq dwlrq udwh dqg 5| lv wkh rqh0shulrg0dkhdg frqglwlrqdo h{shf0
wdwlrq ri wkh lq dwlrq udwh1

Wkh v|vwhp lv vxemhfw wr irxu qrupdoo| glvwulexwhg/ zklwh qrlvh vkrfnv 0%c|n�/
06c|n�/ 05c|n�/ dqg 0Zc|n� wkdw ghwhuplqh wkh lqqrydwlrqv wr wkh orj VGI/ wkh orj lq0
 dwlrq udwh/ dqg wkhlu frqglwlrqdo phdqv1 Wkhvh vkrfnv duh furvv0vhfwlrqdoo| xqfru0
uhodwhg/ zlwk yduldqfhv j2%/ j

2
6/ j

2
5/ dqg j2Z1 Lw lv lpsruwdqw wr qrwh wkdw 5|n�/ wkh

h{shfwhg lq dwlrq udwh/ lv d�hfwhg e| erwk d sxuh h{shfwhg0lq dwlrq vkrfn 05c|n� dqg
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wkh vkrfnv wr wkh h{shfwhg dqg xqh{shfwhg orj VGI 0%c|n� dqg 06c|n�1 Wkdw lv/ lqqr0
ydwlrqv wr h{shfwhg lq dwlrq fdq eh fruuhodwhg zlwk lqqrydwlrqv lq wkh orj VGI/ dqg
khqfh zlwk lqqrydwlrqv lq wkh vkruw0whup uhdo lqwhuhvw udwh1 Wkhvh fruuhodwlrqv phdq
wkdw qrplqdo lqwhuhvw udwhv qhhg qrw pryh rqh0iru0rqh zlwk h{shfwhg lq dwlrq�wkdw
lv/ wkh Ilvkhu k|srwkhvlv qhhg qrw krog�dqg qrplqdo erqg sulfhv fdq lqfoxgh dq
lq dwlrq ulvn suhplxp dv zhoo dv d uhdo whup suhplxp1

Zh kdyh zulwwhq wkh prgho zlwk d vhoi0frqwdlqhg uhdo vhfwru +4, dqg d qrplqdo
vhfwru +5, wkdw lv d�hfwhg e| vkrfnv wr wkh uhdo vhfwru1 Exw wklv lv phuho| d pdwwhu ri
prghoolqj frqyhqlhqfh1 Rxu prgho lv d uhgxfhg irup udwkhu wkdq d vwuxfwxudo prgho/
vr lw fdswxuhv fruuhodwlrqv dprqj vkrfnv wr uhdo dqg qrplqdo lqwhuhvw udwhv exw grhv
qrw kdyh dq|wklqj wr vd| derxw wkh wuxh xqghuo|lqj vrxufhv ri wkhvh vkrfnv1

Fdpsehoo/ Or dqg PdfNlqod| +4<<:, qrwh wkdw 06c|n� rqo| d�hfwv wkh dyhudjh ohyho
ri wkh uhdo whup vwuxfwxuh dqg qrw lwv dyhudjh vorsh ru wlph0vhulhv ehkdylru1 Dffrug0
lqjo|/ zh fdq hlwkhu gurs lw ru lghqwli| lwv yduldqfh zlwk dq dgglwlrqdo uhvwulfwlrq1 Zh
iroorz wkh vhfrqg dssurdfk dqg lqwurgxfh htxlwlhv lq wkh prgho1 Zh dvvxph wkdw wkh
xqh{shfwhg orj h{fhvv uhwxuq rq htxlwlhv lv d�hfwhg e| vkrfnv wr erwk wkh h{shfwhg
dqg xqh{shfwhg orj VGI=

oec|n� � ,| oec|n� ' qe%0%c|n� n qe606c|n�� +6,

Fdpsehoo +4<<;, vkrzv wkdw wklv ghfrpsrvlwlrq ri wkh xqh{shfwhg orj htxlw| uhwxuq
lqwr d olqhdu frpelqdwlrq ri wkh vkrfnv wr wkh h{shfwhg dqg xqh{shfwhg orj VGI lv
frqvlvwhqw zlwk d uhsuhvhqwdwlyh0djhqw hqgrzphqw prgho zkhuh h{shfwhg djjuhjdwh
frqvxpswlrq jurzwk iroorzv dq DU+4,1 Iurp wkh ixqgdphqwdo sulflqj htxdwlrq � '

,|d�|n�-|n�o dqg wkh orjqrupdo vwuxfwxuh ri wkh prgho lw lv hdv| wr vkrz wkdw wkh
ulvn suhplxp rq htxlwlhv/ ryhu d rqh0shulrg ulvnohvv uhwxuq o�c|n�/ lv jlyhq e|

,|doec|n� � o�c|n�o n
�

2
V@h|Eoec|n� � o�c|n�� ' �L�|Eoec|n� � o�c|n�c�6|n��

' q6%qe%j
2
% n qe6j

2
6� +7,

Wkh yduldqfh whup rq wkh ohiw kdqg vlgh ri +7, lv d Mhqvhq*v Lqhtxdolw| fruuhfwlrq wkdw
dsshduv ehfdxvh zh duh zrunlqj lq orjv/ dqg wkh whupv rq wkh uljkw kdqg vlgh uhodwh
wkh ulvn suhplxp rq htxlwlhv wr wkh fryduldqfh ri htxlw| uhwxuqv zlwk lqqrydwlrqv
lq wkh VGI1 Wklv vshfl�fdwlrq lpsolhv wkdw wkh htxlw| suhplxp/ olnh doo rwkhu ulvn
suhpld lq wkh prgho/ lv frqvwdqw ryhu wlph1 Wkxv lw ljqruhv wkh wlph0yduldwlrq lq wkh
htxlw| suhplxp wkdw lv wkh vxemhfw ri rxu hduolhu sdshu rq orqj0uxq sruwirolr fkrlfh
+Fdpsehoo dqg Ylfhlud 4<<<,1
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515 Sulflqj lqgh{hg erqgv

Rxu prgho fdq sulfh erwk lqgh{hg erqgv dqg qrplqdo erqgv1 Lq wklv vhfwlrq zh
vkrz krz wr sulfh lqgh{hg erqgv/ gh�qhg dv }hur0frxsrq erqgv sd|lqj rqh xqlw ri
frqvxpswlrq dw pdwxulw| dqg iuhh ri ghidxow ulvn1

Fkdudfwhul}lqj wkh vwrfkdvwlf glvfrxqw idfwru lv htxlydohqw wr fkdudfwhul}lqj wkh
uhwxuq rq wkh rqh0shulrg lqgh{hg erqg/ vlqfh o�c|n� ' � *L}H|d�|n�o1 Ehfdxvh �|n�

lv orjqrupdo/ zh kdyh wkdw

o�c|n� ' ,|d�6|n�o� �

2
V@h|d6|n�o

' %| � �

2

�
q26%j

2
% n j26

�
� +8,

Wkhuhiruh/ rxu dvvxpswlrqv rq6|n� lpso| wkdw wkh vkruw whup lqwhuhvw udwh rq lqgh{hg
erqgv lv vwrfkdvwlf/ wkrxjk ulvnohvv rqh shulrg lq dgydqfh1 Lw lqkhulwv wkh vwrfkdvwlf
surshuwlhv ri %|n�/ dqg iroorzv dq DU+4, surfhvv zlwk phdq >� Eq26%j

2
% n j26�*2 dqg

shuvlvwhqfh �1
Fdpsehoo/ Or dqg Pdfnlqod| +4<<:,/ iroorzlqj Vlqjohwrq +4<<3,/ Vxq +4<<5,/ dqg

Edfnxv +4<<6,/ vkrz wkdw d orjqrupdo/ frqglwlrqdoo| krprvnhgdvwlf vwrfkdvwlf glv0
frxqw idfwru lpsolhv d sulflqj vwuxfwxuh iru orj lqgh{hg erqg |lhogv zklfk lv d!qh lq
%|n�1 Wkh orj |lhog rq dq ?0shulrg erqg/ +?|/ wlphv erqg pdwxulw| ?/ zklfk htxdov
plqxv wkh orj sulfh ri wkh erqg/ R?|/ lv jlyhq e|

? � +?| ' �R?| ' �? n�?%|c +9,

zkhuh �? dqg �? duh ixqfwlrqv ri erqg pdwxulw| ? exw qrw ri wlph |/ dqg vdwlvi| wkh
iroorzlqj uhfxuvlyh htxdwlrqv=

�? ' � n �%�?3� '
�� �?%
�� �%

c

�? � �?3� ' E�� �%�>%�?3� � �

2

k
Eq6% n�?3��

2 j2% n j26
l
c +:,

dqg �f ' �f ' f1 Dq lpsolfdwlrq ri +9, lv wkdw |lhogv rq lqgh{hg erqgv ri gl�huhqw
pdwxulwlhv duh shuihfwo| fruuhodwhg zlwk hdfk rwkhu1

Wkh rqh0shulrg orj uhwxuq rq dq ?0shulrg erqg lv e| gh�qlwlrq ER?3�c|n� � R?c|�1
Frpelqlqj wklv h{suhvvlrq zlwk +9, dqg +:,/ wkh h{fhvv uhwxuq ryhu wkh rqh0shulrg orj
lqwhuhvw udwh lv

o?c|n� � o�c|n� ' ��

2
�2

?3�j
2
% � q6%�?3�j

2
% ��?3�0%c|n�c +;,

:



vr wkh ?0shulrg erqg lv ulvn|/ zlwk d ulvn suhplxp jlyhq e|

,| do?c|n� � o�c|n�o n
�

2
V@h|Eo?c|n� � o�c|n�� ' �L�|Eo?c|n� � o�c|n�c�6|n��

' �q6%�?3�j
2
%� +<,

Wkh yduldqfh whup rq wkh ohiw kdqg vlgh ri +<, lv d Mhqvhq*v Lqhtxdolw| fruuhfwlrq wkdw
dsshduv ehfdxvh zh duh zrunlqj lq orjv1 Wkh frqglwlrqdo fryduldqfh ri wkh h{fhvv
erqg uhwxuq zlwk wkh orj VGI ghwhuplqhv wkh ulvn suhplxp1 Lq rxu krprvnhgdvwlf
prgho wkh frqglwlrqdo fryduldqfh lv frqvwdqw wkurxjk wlph exw ghshqghqw rq wkh erqg
pdwxulw|> wkxv wkh h{shfwdwlrqv k|srwkhvlv ri wkh whup vwuxfwxuh krogv iru lqgh{hg
erqgv1 Lw lv lpsruwdqw wr uhdol}h wkdw frqvwdqw ulvn suhpld gr qrw lpso| frqvwdqw
lqyhvwphqw rssruwxqlwlhv ehfdxvh uhdo lqwhuhvw udwhv duh vwrfkdvwlf lq rxu prgho1

Vlqfh �?3� : f/ wkh Mhqvhq*v0lqhtxdolw|0fruuhfwhg ulvn suhplxp lv qhjdwlyh li
q6% : f/ dqg srvlwlyh rwkhuzlvh1 Zlwk srvlwlyh q6%/ orqj0whup lqgh{hg erqgv sd| r�
zkhq wkh pdujlqdo xwlolw| ri frqvxpswlrq iru d uhsuhvhqwdwlyh lqyhvwru lv kljk/ wkdw
lv/ zkhq zhdowk lv prvw ghvludeoh1 Lq htxloleulxp/ wkhvh erqgv pxvw kdyh d qhjdwlyh
ulvn suhplxp1 Zlwk qhjdwlyh q6%/ rq wkh rwkhu kdqg/ orqj0whup lqgh{hg erqgv sd|
r� zkhq wkh pdujlqdo xwlolw| ri frqvxpswlrq iru d uhsuhvhqwdwlyh lqyhvwru lv orz/ dqg
vr lq htxloleulxp wkh| kdyh d srvlwlyh ulvn suhplxp1

Htxdwlrqv +;, dqg +<, lpso| wkdw wkh Vkdush udwlr iru lqgh{hg erqgv lv �q6%j%/
zklfk lv lqghshqghqw ri erqg pdwxulw|1 Wkh lqyduldqfh ri wkh Vkdush udwlr wr erqg
pdwxulw| iroorzv iurp wkh rqh0idfwru vwuxfwxuh ri wkh uhdo vhfwru ri wkh prgho1 Wkh
udwlr ri wkh ulvn suhplxp wr wkh yduldqfh ri wkh h{fhvv uhwxuq/ zklfk ghwhuplqhv d
p|rslf lqyhvwru*v doorfdwlrq wr orqj0whup erqgv/ lv �q6%*�?3�1 Wklv grhv ghshqg rq
erqg pdwxulw| exw qrw rq wkh yrodwlolw| ri wkh uhdo lqwhuhvw udwh1

516 Sulflqj qrplqdo erqgv

Wkh sulflqj ri ghidxow0iuhh qrplqdo erqgv iroorzv wkh vdph vwhsv dv wkh sulflqj ri
lqgh{hg erqgv1 Wkh uhohydqw vwrfkdvwlf glvfrxqw idfwru wr sulfh qrplqdo erqgv lv wkh
qrplqdo VGI �m

|n�/ zkrvh orj lv jlyhq e|=

6m
|n� ' 6|n� � Z|n�� +43,

Vlqfh erwk �|n� dqg �|n� duh mrlqwo| orjqrupdo dqg krprvnhgdvwlf/ �m
|n� lv dovr orj0

qrupdo1 Wkh orj qrplqdo uhwxuq rq d rqh0shulrg qrplqdo erqg lv om�c|n� ' � *L} ,|d�
m
|n�o/

zklfk lpsolhv wkdw om�c|n� lv d olqhdu frpelqdwlrq ri wkh h{shfwhg orj uhdo VGI dqg
h{shfwhg lq dwlrq jlyhq lq wkh Dsshqgl{1

;



Wkh orj sulfh ri dq ?0shulrg qrplqdo erqg/ Rm?c|/ dovr kdv dq d!qh vwuxfwxuh1 Lw lv
d olqhdu frpelqdwlrq ri %| dqg 5| zkrvh frh!flhqwv duh wlph0lqyduldqw/ wkrxjk wkh|
ydu| zlwk wkh pdwxulw| ri wkh erqg=

�Rm?c| ' �m
? n�m

�c?%| n�m
2c?5|� +44,

Wkh Dsshqgl{ jlyhv h{suhvvlrqv iru wkh frh!flhqwv �m
?/ �

m
�c? dqg �m

2c?1
Vlqfh qrplqdo erqg sulfhv duh gulyhq e| vkrfnv wr erwk uhdo lqwhuhvw udwhv dqg

lq dwlrq/ wkh| kdyh d wzr0idfwru vwuxfwxuh udwkhu wkdq wkh vlqjoh0idfwru vwuxfwxuh
ri lqgh{hg erqg sulfhv1 Lq dwlrq d�hfwv wkh h{fhvv uhwxuq rq dq ?0shulrg qrplqdo
erqg ryhu wkh rqh0shulrg qrplqdo lqwhuhvw udwh/ vr ulvn suhpld lq wkh qrplqdo whup
vwuxfwxuh lqfoxgh frpshqvdwlrq iru lq dwlrq ulvn1 Olnh doo rwkhu ulvn suhpld lq wkh
prgho/ krzhyhu/ wkh ulvn suhpld rq qrplqdo erqgv duh frqvwdqw ryhu wlph> wkxv wkh
h{shfwdwlrqv k|srwkhvlv krogv iru qrplqdo dv zhoo dv iru uhdo erqgv1

517 Wkh whup vwuxfwxuh ri lqwhuhvw udwhv lq wkh XV

Zh hvwlpdwh wkh wzr0idfwru whup vwuxfwxuh prgho xvlqj gdwd rq XV qrplqdo lqwhuhvw
udwhv/ htxlwlhv dqg lq dwlrq1 Zh xvh qrplqdo }hur0frxsrq |lhogv dw pdwxulwlhv 6
prqwkv/ 4 |hdu/ 6 |hduv/ dqg 43 |hduv iurp PfFxoorfk dqg Nzrq +4<<6,/ xsgdwhg e|
Jrqj dqg Uhprorqd +4<<9d/e,1 Zh wdnh gdwd rq htxlwlhv iurp wkh Lqglfhv �ohv rq wkh
FUVS wdshv1 Zh xvh wkh ydoxh0zhljkwhg uhwxuq/ lqfoxglqj glylghqgv/ rq wkh Q\VH/
DPH[ dqg QDVGDT pdunhwv1 Zh wdnh gdwd rq FSL lq dwlrq iurp wkh VEEL �ohv
rq wkh FUVS wdshv1 Dowkrxjk wkh udz gdwd duh dydlodeoh prqwko|/ zh frqvwuxfw d
txduwhuo| gdwd vhw lq rughu wr uhgxfh wkh lq xhqfh ri kljk0iuhtxhqf| qrlvh lq lq dwlrq
dqg vkruw0whup pryhphqwv lq lqwhuhvw udwhv1

Wr dyrlg wkh lpsolfdwlrq ri wkh prgho wkdw erqg uhwxuqv duh gulyhq e| rqo| wzr
frpprq idfwruv/ vr wkdw doo erqg uhwxuqv fdq eh shuihfwo| h{sodlqhg e| dq| wzr erqg
uhwxuqv/ zh dvvxph wkdw erqg |lhogv duh phdvxuhg zlwk huuru1 Wkh huuruv lq |lhogv
duh qrupdoo| glvwulexwhg/ vhuldoo| xqfruuhodwhg/ dqg xqfruuhodwhg dfurvv erqgv1 Wkhq
wkh whup vwuxfwxuh prgho ehfrphv d fodvvlf vwdwh0vsdfh prgho lq zklfk xqrevhuyhg
vwdwh yduldeohv %| dqg 5| iroorz d olqhdu surfhvv zlwk qrupdo lqqrydwlrqv dqg zh re0
vhuyh olqhdu frpelqdwlrqv ri wkhp zlwk qrupdo huuruv1 Wkh prgho fdq eh hvwlpdwhg
e| pd{lpxp olnholkrrg xvlqj d Ndopdq �owhu wr frqvwuxfw wkh olnholkrrg ixqfwlrq
+Ehudugl 4<<:/ Kduyh| 4<;</ Shqqdffkl 4<<4/ Jrqj dqg Uhprorqd 4<<9d/e/ Iruhvl/
Shqdwl/ dqg Shqqdffkl 4<<:,1 Wklv lv dq dwwudfwlyh dowhuqdwlyh wr wkh Jhqhudol}hg
Phwkrg ri Prphqwv xvhg wr hvwlpdwh whup vwuxfwxuh prghov e| Jleerqv dqg Ud0
pdvzdp| +4<<6, dqg rwkhuv1

<



Lq Wdeoh 4 zh uhsruw sdudphwhu hvwlpdwhv iru wkh shulrg 4<850<9 dqg wkh shulrg
4<;60<91 Lqwhuhvw udwhv zhuh xqxvxdoo| kljk dqg yrodwloh lq wkh 4<:<0;5 shulrg/ gxulqj
zklfk wkh Ihghudo Uhvhuyh Erdug xqghu Sdxo Yrofnhu zdv dwwhpswlqj wr uhhvwdeolvk
wkh fuhglelolw| ri dqwl0lq dwlrqdu| prqhwdu| srolf| dqg zdv h{shulphqwlqj zlwk prq0
hwdulvw rshudwlqj surfhgxuhv1 Pdq| dxwkruv kdyh dujxhg wkdw uhdo lqwhuhvw udwhv dqg
lq dwlrq kdyh ehkdyhg gl�huhqwo| lq wkh prqhwdu| srolf| uhjlph hvwdeolvkhg vlqfh 4<;5
e| Ihghudo Uhvhuyh fkdluphq Yrofnhu dqg Dodq Juhhqvsdq +vhh iru h{dpsoh Fodulgd/
Jdol/ dqg Jhuwohu 4<<;,1 Dffruglqjo| zh uhsruw vhsdudwh hvwlpdwhv iru wkh shulrg
vwduwlqj lq 4<;6 lq dgglwlrq wr wkh ixoo vdpsoh shulrg1

Lq hduolhu yhuvlrqv ri wklv sdshu zh uhsruwhg frpsohwho| xquhvwulfwhg pd{lpxp
olnholkrrg hvwlpdwhv ri wkh prgho1 Lq 4<850<9 wkhvh hvwlpdwhv �w wkh gdwd zhoo/ exw
lq 4<;60<9 wkh xquhvwulfwhg hvwlpdwhv gholyhu lpsodxvleo| orz phdqv iru vkruw0whup
qrplqdo dqg uhdo lqwhuhvw udwhv1 +Wkh prgho grhv qrw qhfhvvdulo| �w wkh vdpsoh
phdqv ehfdxvh wkh vdph sdudphwhuv duh xvhg wr �w erwk wlph0vhulhv dqg furvv0vhfwlrqdo
ehkdylru> wkxv wkh prgho fdq wudgh r� ehwwhu �w hovhzkhuh iru zruvh �w ri phdq vkruw0
whup lqwhuhvw udwhv1, Dffruglqjo| lq wklv yhuvlrq ri wkh sdshu zh uhtxluh wkdw wkh prgho
h{dfwo| �w wkh vdpsoh phdqv ri qrplqdo lqwhuhvw udwhv dqg lq dwlrq1 Wklv uhvwulfwlrq
kdugo| uhgxfhv wkh olnholkrrg dw doo lq 4<850<9/ dqg hyhq lq 4<;60<9 lw fdqqrw eh
uhmhfwhg dw frqyhqwlrqdo vljql�fdqfh ohyhov1

Wkh �uvw wzr froxpqv ri Wdeoh 4 uhsruw sdudphwhuv dqg dv|pswrwlf vwdqgdug
huuruv iru wkh shulrg 4<850<91 Doo sdudphwhuv duh lq qdwxudo xqlwv/ vr wkh| duh rq d
txduwhuo| edvlv1 Zh hvwlpdwh d prghudwho| shuvlvwhqw surfhvv iru wkh uhdo lqwhuhvw udwh>
wkh shuvlvwhqfh frh!flhqw �% lv 31;:/ lpso|lqj d kdoi0olih iru vkrfnv wr uhdo lqwhuhvw
udwhv ri derxw 8 txduwhuv1 Wkh h{shfwhg lq dwlrq surfhvv lv pxfk pruh shuvlvwhqw/
zlwk d frh!flhqw �5 ri 31<<;8 wkdw lpsolhv d kdoi0olih iru h{shfwhg lq dwlrq vkrfnv
ri doprvw 448 |hduv$ Ri frxuvh/ wkh prgho dovr doorzv iru wudqvlwru| qrlvh lq uhdol}hg
lq dwlrq1

Wkh erwwrp ri Wdeoh 4 uhsruwv wkh lpsolfdwlrqv ri wkh hvwlpdwhg sdudphwhuv iru
wkh phdqv dqg vwdqgdug ghyldwlrqv ri uhdo lqwhuhvw udwhv/ qrplqdo lqwhuhvw udwhv/ dqg
lq dwlrq/ phdvxuhg lq shufhqw shu |hdu1 Wkh lpsolhg phdq orj |lhog rq dq lqgh{hg
wkuhh0prqwk eloo lv 31;8( iru wkh 4<850<9 vdpsoh shulrg1 Wdnhq wrjhwkhu zlwk wkh
phdq orj |lhog rq d qrplqdo wkuhh0prqwk eloo ri 8164( dqg wkh phdq orj lq dwlrq udwh
ri 61<<( +erwk uhvwulfwhg wr htxdo wkh vdpsoh phdqv ryhu wklv shulrg,/ dqg dgmxvwlqj
iru Mhqvhq*v Lqhtxdolw| xvlqj rqh0kdoi wkh frqglwlrqdo yduldqfh ri orj lq dwlrq/ wkh
lpsolhg lq dwlrq ulvn suhplxp lq d wkuhh0prqwk qrplqdo Wuhdvxu| eloo lv 7< edvlv
srlqwv1 Wklv idluo| vxevwdqwldo ulvn suhplxp lv h{sodlqhg e| wkh vljql�fdqw srvlwlyh
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frh!flhqw qZ% dqg wkh vljql�fdqw qhjdwlyh frh!flhqw qZ6 lq Wdeoh 418

Ulvn suhpld rq orqj0whup lqgh{hg erqgv/ uhodwlyh wr d wkuhh0prqwk lqgh{hg eloo/
duh ghwhuplqhg e| wkh sdudphwhu q6%1 Wklv lv qhjdwlyh dqg kljko| vljql�fdqw/ lp0
so|lqj srvlwlyh ulvn suhpld rq orqj0whup lqgh{hg erqgv dqg dq xszdug vorslqj whup
vwuxfwxuh ri uhdo lqwhuhvw udwhv1 Ulvn suhpld rq qrplqdo erqgv/ uhodwlyh wr lqgh{hg
erqgv/ duh ghwhuplqhg e| wkh lq dwlrq0ulvn sdudphwhuv q5% dqg q561 Wkh iruphu
lv srvlwlyh exw vwdwlvwlfdoo| lqvljql�fdqw/ zkloh wkh odwwhu lv qhjdwlyh dqg vljql�fdqw1
Erwk srlqw hvwlpdwhv lpso| srvlwlyh lq dwlrq ulvn suhpld rq qrplqdo erqgv uhodwlyh
wr lqgh{hg erqgv1

Wdeoh 5 h{soruhv wkh whup0vwuxfwxuh lpsolfdwlrqv ri rxu hvwlpdwhv lq juhdwhu ghwdlo1
Wkh wdeoh frpsduhv lpsolhg dqg vdpsoh prphqwv ri whup vwuxfwxuh yduldeohv/ phd0
vxuhg lq shufhqw shu |hdu1 Sdqho D ri Wdeoh 5 uhsruwv vdpsoh prphqwv iru uhwxuqv
dqg |lhogv rq qrplqdo erqgv/ wrjhwkhu zlwk wkh prphqwv lpsolhg e| rxu hvwlpdwhg
prgho> sdqho E vkrzv frpsdudeoh lpsolhg prphqwv iru lqgh{hg erqgv/ dqg sdqho F
uhsruwv vdpsoh dqg lpsolhg prphqwv iru htxlwlhv1 Urz 4 ri wkh wdeoh jlyhv Mhqvhq*v0
Lqhtxdolw|0fruuhfwhg dyhudjh h{fhvv uhwxuqv rq ?0shulrg qrplqdo erqgv ryhu 40shulrg
qrplqdo erqgv/ zkloh urz 5 jlyhv wkh vwdqgdug ghyldwlrqv ri wkhvh h{fhvv uhwxuqv1
Urz 6 uhsruwv dqqxdol}hg Vkdush udwlrv iru qrplqdo erqgv/ wkh udwlr ri urz 4 wr urz
51 Urz 7 uhsruwv phdq qrplqdo |lhog vsuhdgv/ urz 8 uhsruwv wkh vwdqgdug ghyldwlrqv
ri qrplqdo |lhog vsuhdgv/ dqg urz 9 uhsruwv wkh vwdqgdug ghyldwlrqv ri fkdqjhv lq
qrplqdo |lhogv1 Urzv : wkurxjk 45 uhshdw wkhvh prphqwv iru lqgh{hg erqgv1 Qrwh
wkdw wkh uhsruwhg ulvn suhpld dqg Vkdush udwlrv iru qrplqdo dqg lqgh{hg erqgv duh
qrw gluhfwo| frpsdudeoh ehfdxvh wkh| duh phdvxuhg uhodwlyh wr gl�huhqw vkruw0whup
dvvhwv/ qrplqdo dqg lqgh{hg uhvshfwlyho|1

D frpsdulvrq ri wkh prgho lpsolfdwlrqv lq urzv 4 dqg : vkrzv wkdw 430|hdu qrplqdo
erqgv kdyh d ulvn suhplxp ryhu wkuhh0prqwk qrplqdo eloov ri 5139( shu |hdu/ zkloh
430|hdu lqgh{hg erqgv kdyh d ulvn suhplxp ryhu wkuhh0prqwk lqgh{hg eloov ri 4195(
shu |hdu1 Wkhvh qxpehuv/ wrjhwkhu zlwk wkh 7<0edvlv0srlqw ulvn suhplxp rq wkuhh0
prqwk qrplqdo eloov ryhu wkuhh0prqwk lqgh{hg eloov/ lpso| d 430|hdu lq dwlrq ulvn
suhplxp +wkh ulvn suhplxp rq 430|hdu qrplqdo erqgv ryhu 430|hdu lqgh{hg erqgv,
ri voljkwo| ohvv wkdq 4(1 Wklv hvwlpdwh lv frqvlvwhqw zlwk wkh urxjk fdofxodwlrqv lq
Fdpsehoo dqg Vkloohu +4<<9,1

Urzv 5 dqg ; vkrz wkdw qrplqdo erqgv duh pxfk pruh yrodwloh wkdq lqgh{hg erqgv>
wkh gl�huhqfh lq yrodwlolw| lqfuhdvhv zlwk pdwxulw|/ vr wkdw 430|hdu qrplqdo erqgv kdyh

8Wklv uhvxow lv vrphzkdw vhqvlwlyh wr wkh vdpsoh shulrg1 Dq hduolhu yhuvlrq ri wklv sdshu irxqg
d vpdoohu lq dwlrq ulvn suhplxp dw wkh vkruw hqg ri wkh whup vwuxfwxuh ryhu wkh shulrg 4<85�:</
frqvlvwhqw zlwk wkh uhvxowv ri Iruhvl/ Shqdwl/ dqg Shqqdffkl +4<<:,1
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d vwdqgdug ghyldwlrq wkuhh wlphv juhdwhu wkdq 430|hdu lqgh{hg erqgv1 Wklv gl�huhqfh
lq yrodwlolw| pdnhv wkh Vkdush udwlr iru lqgh{hg erqgv lq urz < frqvlghudeo| kljkhu
wkdq wkh Vkdush udwlr iru qrplqdo erqgv lq urz 61 Vlqfh lqgh{hg erqg uhwxuqv duh
jhqhudwhg e| d vlqjoh0idfwru prgho/ wkh Vkdush udwlr iru lqgh{hg erqgv lv lqghshqghqw
ri pdwxulw| dw 31791 Wkh Vkdush udwlr iru qrplqdo erqgv ghfolqhv zlwk pdwxulw|> vkruw0
whup qrplqdo erqgv kdyh d udwlr forvh wr wkdw iru lqgh{hg erqgv/ exw wkh Vkdush udwlr
iru 430|hdu qrplqdo erqgv lv rqo| 31531 Wkhvh qxpehuv lpso| wkdw lq rxu sruwirolr
dqdo|vlv/ lqyhvwruv zlwk orz ulvn dyhuvlrq zloo kdyh d vwurqj p|rslf ghpdqg iru lqgh{hg
erqgv1

Wdeoh 5 fdq dovr eh xvhg wr hydoxdwh wkh hpslulfdo �w ri wkh prgho1 D frpsdulvrq
ri wkh prgho*v lpsolhg prphqwv zlwk wkh vdpsoh prphqwv iru qrplqdo erqgv vkrzv
wkdw wkh prgho �wv wkh yrodwlolw| ri h{fhvv qrplqdo erqg uhwxuqv dqg fkdqjhv lq |lhogv
h{wuhpho| zhoo1 Lw vrphzkdw ryhuvwdwhv wkh dyhudjh h{fhvv qrplqdo erqg uhwxuq dqg
wkh qrplqdo Vkdush udwlr/ exw wklv fdq eh dwwulexwhg lq sduw wr wkh xszdug guliw lq
lqwhuhvw udwhv ryhu wkh 4<850<9 vdpsoh shulrg zklfk eldvhv grzqzdug wkhvh vdpsoh
phdqv1 Ryhudoo wkh prgho dsshduv wr surylgh d jrrg ghvfulswlrq ri wkh qrplqdo XV
whup vwuxfwxuh frqvlghulqj lwv sduvlprq| dqg wkh idfw wkdw zh kdyh irufhg lw wr �w
erwk wlph0vhulhv dqg furvv0vhfwlrqdo ihdwxuhv ri wkh gdwd1

Urzv 46/ 47 dqg 48 jlyh frpsdudeoh �jxuhv iru htxlwlhv= wkh dqqxdol}hg Mhqvhq*v0
Lqhtxdolw|0fruuhfwhg dyhudjh h{fhvv uhwxuqv rq htxlwlhv uhodwlyh wr qrplqdo eloov/ wkh
vwdqgdug ghyldwlrq ri wkhvh h{fhvv uhwxuqv/ dqg wkhlu Vkdush udwlr1 Wkh prgho �wv wkh
vwdqgdug ghyldwlrq ri htxlwlhv h{wuhpho| zhoo exw ryhusuhglfwv wkh htxlw| suhplxp
dqg wkh Vkdush udwlr iru htxlwlhv1 Zlwk dq lpsolhg Vkdush udwlr ri 3188/ lqyhvwruv
zlwk orz ulvn dyhuvlrq zloo kdyh dq h{wuhpho| odujh p|rslf ghpdqg iru htxlwlhv1

Wkh uljkw kdqg vlghv ri Wdeohv 4 dqg 5 uhshdw wkhvh hvwlpdwhv iru wkh Yrofnhu0
Juhhqvsdq shulrg 4<;6�<91 Pdq| ri wkh sdudphwhu hvwlpdwhv duh txlwh vlplodu> krz0
hyhu zh �qg wkdw lq wklv shulrg uhdo lqwhuhvw udwhv duh pxfk pruh shuvlvwhqw/ zlwk
�% ' f�bHS dqg dq lpsolhg kdoi0olih iru uhdo lqwhuhvw udwh vkrfnv ri derxw 45 |hduv1
Wkh h{shfwhg lq dwlrq surfhvv qrz phdq0uhyhuwv pxfk pruh udslgo|/ zlwk �5 ' f�HSS
lpso|lqj d kdoi0olih iru h{shfwhg lq dwlrq vkrfnv ri derxw 8 txduwhuv1 Wkhvh uhvxowv duh
frqvlvwhqw zlwk wkh qrwlrq wkdw vlqfh wkh hduo| 4<;3*v wkh Ihghudo Uhvhuyh kdv pruh
djjuhvvlyho| frqwuroohg lq dwlrq dw wkh frvw ri juhdwhu orqj0whup yduldwlrq lq wkh uhdo
lqwhuhvw udwh +Fodulgd/ Jdol/ dqg Jhuwohu 4<<;,1 Wkh lqfuhdvh lq uhdo0lqwhuhvw0udwh shu0
vlvwhqfh lqfuhdvhv wkh ulvn suhpld rq lqgh{hg dqg qrplqdo erqgv/ exw lw dovr juhdwo|
lqfuhdvhv wkh yrodwlolw| ri lqgh{hg erqg uhwxuqv vr wkh Vkdush udwlr iru lqgh{hg erqgv
lv orzhu dw 31481 Lq wkh uhpdlqghu ri wkh sdshu zh suhvhqw sruwirolr fkrlfh uhvxowv
edvhg rq rxu ixoo0vdpsoh hvwlpdwhv iru wkh shulrg 4<85�<9/ exw zh dovr glvfxvv uhvxowv
iru wkh 4<;6�<9 shulrg zkhuh wkh| duh lpsruwdqwo| gl�huhqw1
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6 Wkh Ghpdqg iru Lqgh{hg Erqgv

614 Dvvxpswlrqv rq lqyhvwru suhihuhqfhv

Wkh lqyhvwru lv lq�qlwho|0olyhg/ olyhv r� khu �qdqfldo zhdowk dqg idfhv wkh lqyhvwphqw
hqylurqphqw ghvfulehg deryh1 Zh dvvxph wkdw khu suhihuhqfhv duh ghvfulehg e| wkh
uhfxuvlyh xwlolw| sursrvhg e| Hsvwhlq dqg ]lq +4<;<, dqg Zhlo +4<;<,=
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zkhuh B 	 � lv wkh glvfrxqw idfwru/ � : f lv wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq/
� : f lv wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq/ dqg w � E�� ��*E�� �*��1 Wkh
uhfxuvlyh xwlolw| ixqfwlrq +45, uhgxfhv wr wkh vwdqgdug wlph0vhsdudeoh/ srzhu xwlolw|
ixqfwlrq zlwk uhodwlyh ulvn dyhuvlrq � zkhq � ' �3�/ zklfk lpsolhv w ' �1

Uhfxuvlyh suhihuhqfhv duh xvhixo ehfdxvh wkh| doorz xv wr vhsdudwh wkh lqyhvwru*v
dwwlwxgh wrzdugv ulvn iurp khu dwwlwxgh wrzdugv lqwhuwhpsrudo vxevwlwxwlrq ri frq0
vxpswlrq ryhu wlph1 Wklv vhsdudwlrq lv sduwlfxoduo| lpsruwdqw lq rxu iudphzrun/
zkhuh wkh vkruw0whup lqwhuhvw udwh pryhv ryhu wlph jlylqj wkh lqyhvwru dq lqfhqwlyh
wr fkdqjh khu sodqqhg frqvxpswlrq jurzwk udwh1

615 Hxohu htxdwlrqv dqg wkh ydoxh ixqfwlrq

Wkh lqyhvwru pd{lpl}hv +45, vxemhfw wr wkh lqwhuwhpsrudo exgjhw frqvwudlqw

`|n� ' -Rc|n� E`| � �|� c +46,

zkhuh -Rc|n� lv wkh jurvv uhwxuq dw wlph |n � rq khu sruwirolr dw wlph |1
Hsvwhlq dqg ]lq +4<;</ 4<<4, kdyh vkrzq wkdw zkhq wkh exgjhw frqvwudlqw lv jlyhq

e| +46,/ wkh rswlpdo sruwirolr dqg frqvxpswlrq srolflhv pxvw vdwlvi| wkh iroorzlqj
Hxohu htxdwlrq iru dq| dvvhw �=
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Glylglqj +45, e| `| dqg xvlqj wkh exgjhw frqvwudlqw zh rewdlq wkh iroorzlqj
h{suhvvlrq iru xwlolw| shu xqlw ri zhdowk=
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zkhuh T| ' L|*`|1 Hsvwhlq dqg ]lq +4<;</ 4<<4, vkrz wkdw wkh ydoxh ixqfwlrq shu xqlw
ri zhdowk fdq eh zulwwhq dv d srzhu ixqfwlrq ri E�� B� dqg wkh frqvxpswlrq0zhdowk
udwlr=

T| ' E�� B�3
�

�3�

�
�|

`|

� �

�3�

� +4:,

Wzr vshfldo fdvhv duh zruwk qrwlqj1 Iluvw/ dv � dssurdfkhv rqh/ wkh h{srqhqwv lq
+4:, lqfuhdvh zlwkrxw olplw1 Wkh ydoxh ixqfwlrq kdv d �qlwh olplw/ krzhyhu/ ehfdxvh
wkh udwlr �|*`| dssurdfkhv E�� B� dv vkrzq e| Jlrydqqlql dqg Zhlo +4<;<,1 Vhfrqg/
dv � dssurdfkhv }hur/ T| dssurdfkhv �|*`|1 D frqvxphu zkr lv h{wuhpho| uhoxfwdqw
wr vxevwlwxwh lqwhuwhpsrudoo| frqvxphv wkh dqqxlw| ydoxh ri zhdowk hdfk shulrg/ dqg
wklv frqvxphu*v xwlolw| shu groodu lv wkh dqqxlw| ydoxh ri wkh groodu1

616 Orjolqhdu dssur{lpdwlrq ri wkh prgho

Dw wklv srlqw/ wr vlpsoli| wkh dqdo|vlv zh dvvxph wkdw wkhuh duh rqo| wzr erqgv dydlo0
deoh wr wkh lqyhvwru/ d rqh0shulrg lqgh{hg erqg dqg dq ?0shulrg lqgh{hg erqg1 Jlyhq
wkh rqh0idfwru vwuxfwxuh ri rxu prgho iru lqgh{hg erqgv/ wklv lv htxlydohqw wr surylglqj
wkh lqyhvwru zlwk d frpsohwh lqgh{hg whup vwuxfwxuh1 Xqghu wklv dvvxpswlrq/ -Rc|n�

lv htxdo wr
-Rc|n� ' k?c| E-?c|n� �-�c|n�� n-�c|n�c +4;,

zkhuh k?c| lv wkh iudfwlrq ri wkh lqyhvwru*v vdylqjv doorfdwhg wr wkh ?0shulrg lqgh{hg
erqg dw wlph |1

Lq rughu wr �qg rswlpdo vdylqjv dqg wkh rswlpdo doorfdwlrqv wr wkh wzr erqgv/ zh
dgrsw dq dssur{lpdwh dqdo|wlfdo vroxwlrq phwkrg1 Wkh �uvw vwhs lv wr fkdudfwhul}h
k?c|/ wkh rswlpdo doorfdwlrq wr wkh ?0shulrg erqg/ e| frpelqlqj d vhfrqg0rughu orj0
olqhdu dssur{lpdwlrq wr wkh Hxohu htxdwlrq zlwk d �uvw0rughu dssur{lpdwlrq wr wkh
lqwhuwhpsrudo exgjhw frqvwudlqw1 Zh wkhq jxhvv d irup iru wkh rswlpdo frqvxpswlrq
dqg sruwirolr srolflhv dqg vkrz wkdw srolflhv ri wklv irup vdwlvi| wkh dssur{lpdwh
Hxohu htxdwlrq dqg exgjhw frqvwudlqw1 Ilqdoo| zh xvh wkh phwkrg ri xqghwhuplqhg
frh!flhqwv wr lghqwli| wkh frh!flhqwv ri wkh rswlpdo srolflhv iurp wkh sulplwlyh sd0
udphwhuv ri wkh prgho1 E| xvlqj d vhfrqg0rughu h{sdqvlrq ri wkh orj Hxohu htxdwlrq
zh dffrxqw iru vhfrqg0prphqw h�hfwv lq wkh prgho1
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Iroorzlqj Fdpsehoo +4<<6/ 4<<9,/ Fdpsehoo dqg Ylfhlud +4<<9,/ dqg Uhvwr| +4<<5,/
zh �uvw orj0olqhdul}h wkh Hxohu htxdwlrq +47, iru � ' ? dqg � ' �/ zkhuh dvvhw 4 lv
wkh vkruw0whup ulvnohvv dvvhw1 Vxewudfwlqj wkh orj0olqhdul}hg Hxohu htxdwlrq iru wkh
ulvnohvv dvvhw iurp wkh orj0olqhdul}hg htxdwlrq iru dvvhw ?/ zh �qg=
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zkhuh orzhufdvh ohwwhuv ghqrwh yduldeohv lq orjv dqg { lv wkh �uvw0gl�huhqfh rshudwru1
Wklv h{suhvvlrq rewdlqv iurp +47, e| xvlqj erwk d vhfrqg0rughu Wd|oru dssur{lpdwlrq
durxqg wkh frqglwlrqdo phdq ri ioRc|n�c{S|n�j dqg wkh dssur{lpdwlrq *L}E�n%� � %
iru vpdoo %1 Lw krogv h{dfwo| li frqvxpswlrq jurzwk dqg wkh uhwxuq rq zhdowk kdyh d
mrlqw frqglwlrqdo orjqrupdo glvwulexwlrq1 Zh vkrz odwhu wkdw wklv lv lqghhg wkh fdvh
dorqj wkh rswlpdo sdwk= wkh dssur{lpdwh rswlpdo srolflhv lpso| wkdw wkh orj uhwxuq
rq zhdowk dqg orj frqvxpswlrq jurzwk duh mrlqwo| qrupdo1

Zh fdq orj0olqhdul}h +48, lq d vlplodu idvklrq1 Diwhu uhrughulqj whupv/ zh rewdlq
wkh zhoo0nqrzq htxloleulxp olqhdu uhodwlrqvkls ehwzhhq h{shfwhg orj frqvxpswlrq
jurzwk dqg wkh h{shfwhg orj uhwxuq rq zhdowk=

H|{S|n� ' � *L} B n �Rc| n �H|oRc|n�c +53,

zkhuh wkh whup �Rc| lv dq lqwhufhsw sursruwlrqdo wr wkh frqglwlrqdo yduldqfh ri orj
frqvxpswlrq jurzwk lq uhodwlrq wr orj sruwirolr uhwxuqv=

�Rc| ' ��

2

#
�� �

�� �

$
Ydu| E{S|n� � �oRc|n�� � +54,

Lq jhqhudo wklv lqwhufhsw lv wlph0ydu|lqj/ exw lq rxu prgho lw ehfrphv d frqvwdqw1
Wkhvh htxdwlrqv/ olnh +4<,/ krog h{dfwo| li frqvxpswlrq dqg dvvhw uhwxuqv duh mrlqwo|
frqglwlrqdoo| orjqrupdo1

Wdnlqj wkh uhwxuq rq zhdowk dv jlyhq/ zh fdq dovr orj0olqhdul}h wkh lqwhuwhpsrudo
exgjhw frqvwudlqw +46, durxqg wkh phdq orj frqvxpswlrq0zhdowk udwlr=

{�|n� � oRc|n� n

#
�� �

4

$
ES| � �|� n &c +55,

zkhuh & ' *L} E4� n E�� 4� *L} E�� 4� *4/ dqg 4 ' � � i T iH ES| � �|�j lv d orj0
olqhdul}dwlrq sdudphwhu1 Qrwh wkdw 4 lv hqgrjhqrxv lq wkdw lw ghshqgv rq wkh dyhudjh
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orj frqvxpswlrq0zhdowk udwlr zklfk lv xqnqrzq xqwlo wkh prgho kdv ehhq vroyhg1
Fdpsehoo +4<<6, dqg Fdpsehoo dqg Nrr +4<<:, kdyh vkrzq wkdw wkh dssur{lpdwlrq
+55, krogv h{dfwo| li wkh frqvxpswlrq0zhdowk udwlr lv frqvwdqw ryhu wlph1

Ilqdoo|/ htxdwlrq +4;, doorzv xv wr dssur{lpdwh oRc|n�/ wkh orj uhwxuq rq zhdowk/
dv iroorzv=

oRc|n� ' k?c| Eo?c|n� � o�c|n�� n o�c|n� n
�

2
k?c| E�� k?c|�Ydu| Eo?c|n�� c +56,

zklfk lv d glvfuhwh0wlph yhuvlrq ri wkh orj uhwxuq rq zhdowk lq frqwlqxrxv wlph/ zkhuh
Lwr*v Ohppd fdq eh dssolhg wr htxdwlrq +4;,1

Frpelqlqj wkh wulyldo htxdolw|

{S|n� ' ES|n� � �|n��� ES| � �|� n {�|n� +57,

zlwk htxdwlrqv +4<,/ +55,/ dqg +56, dqg wkh gh�qlwlrq ri w zh �qg wkdw

k?c| '
�

�

H| do?c|n� � o�c|n�o n
�
2
Ydu| Eo?c|n��

Ydu| Eo?c|n��

�
#

�

�� �

$#
� � �

�

$
Fry| Eo?c|n�c S|n� � �|n��

Ydu| Eo?c|n��
� +58,

Wklv htxdwlrq zdv �uvw ghulyhg e| Uhvwr| +4<<5,1 Wkh �uvw whup lv wkh p|rslf
frpsrqhqw ri dvvhw ghpdqg> lw lv sursruwlrqdo wr wkh ulvn suhplxp rq wkh ?0shulrg
erqg dqg wkh uhflsurfdo ri wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq1 Wkh vhfrqg whup lv
Phuwrq*v +4<9</ 4<:4/ 4<:6, lqwhuwhpsrudo khgjlqj ghpdqg1 Lw uh hfwv wkh vwudwhjlf
ehkdylru ri wkh lqyhvwru zkr zlvkhv wr khgjh djdlqvw ixwxuh dgyhuvh fkdqjhv lq lqyhvw0
phqw rssruwxqlwlhv/ dv vxppdul}hg e| wkh frqvxpswlrq0zhdowk udwlr1 Lq rxu vhwxs
wkh lqyhvwphqw rssruwxqlw| vhw lv wlph0ydu|lqj ehfdxvh lqwhuhvw udwhv duh wlph0ydu|lqj
+dowkrxjk h{shfwhg h{fhvv uhwxuqv duh frqvwdqw,> dffruglqjo| wkh lqyhvwru pd| zdqw
wr khgjh khu frqvxpswlrq djdlqvw dgyhuvh fkdqjhv lq lqwhuhvw udwhv1 Lqwhuwhpsrudo
khgjlqj ghpdqg lv }hur zkhq ulvn dyhuvlrq � ' �/ exw dv � lqfuhdvhv p|rslf ghpdqg
vkulqnv wr }hur dqg khgjlqj ghpdqg grhv qrw1 Lq wkh olplw dv � ehfrphv duelwudulo|
odujh/ khgjlqj ghpdqg dffrxqwv iru doo wkh ghpdqg iru wkh ulvn| dvvhw1

Dq lpsruwdqw vshfldo fdvh dulvhv zkhq wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq
lv xqlw|1 Dv � $ �/ wkh orj frqvxpswlrq0zhdowk udwlr ehfrphv frqvwdqw vr wkh
fryduldqfh ri dvvhw uhwxuqv zlwk wklv udwlr dssurdfkhv }hur1 Krzhyhu wkh fryduldqfh
lv glylghg e| � � �/ zklfk dovr dssurdfkhv }hur1 Jlrydqqlql dqg Zhlo +4<;<,/ e|
wdnlqj dssursuldwh olplwv/ kdyh vkrzq wkdw sruwirolr fkrlfh lv qrw p|rslf lq wklv fdvh
hyhq wkrxjk wkh frqvxpswlrq0zhdowk udwlr lv frqvwdqw1 Wkh vroxwlrq suhvhqwhg lq wklv
sdshu lv h{dfw iru wkh fdvh � ' �1
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617 Dq h{solflw vroxwlrq

Htxdwlrq +58, lv uhfxuvlyh lq wkh vhqvh wkdw lw uhodwhv fxuuhqw sruwirolr ghflvlrqv wr
ixwxuh frqvxpswlrq dqg sruwirolr ghflvlrqv1 Lq rughu wr jhw d frpsohwh vroxwlrq wr
wkh prgho zh qhhg wr ghulyh frqvxpswlrq dqg sruwirolr uxohv wkdw ghshqg rqo| rq
fxuuhqw vwdwh yduldeohv1 Zh gr wklv e| jxhvvlqj wkdw wkh frqvxpswlrq ixqfwlrq wdnhv
wkh irup

S| � �| ' Kf n K�%|� +59,

Fdofxodwlrqv vxppdul}hg lq wkh Dsshqgl{ yhuli| wklv jxhvv dqg vkrz wkdw wkh frh!0
flhqwv duh jlyhq e|

Kf '
4

�� 4

5
7E�� �� E�� ��
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q6% n

4

�� 4�%
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j2% �
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2
E�� �� j26

�� *L} B n & n > E�� ��
4 E�� ��

�� 4�%

&
+5:,

dqg
K� ' E�� ��

4

�� 4�%
� +5;,

Lq dgglwlrq/ wkh rswlpdo sruwirolr vkduh lq wkh ulvn| dvvhw lv frqvwdqw ryhu wlph dqg
fdq eh zulwwhq dv

k?| ' k? '
��

��?3�

%
q6% n E�� ��

4

�� 4�%

&
� +5<,

Wkhvh vroxwlrqv duh dqdo|wlfdo/ jlyhq wkh orj0olqhdul}dwlrq sdudphwhu 41 Exw 4 lwvhoi
lv d qrqolqhdu ixqfwlrq ri wkh frh!flhqwv Kf dqg K�/ vlqfh 4 ' �� i Ti,dS| � �|oj '
�� i TiKf n K�>%j1 Htxdwlrqv +5:,/ +5;,/ dqg wkh h{suhvvlrq iru 4 gh�qh lpsolflwo| d
qrqolqhdu pdsslqj ri 4 rqwr lwvhoi zklfk kdv dq dqdo|wlfdo vroxwlrq rqo| lq wkh fdvh
� ' �/ zkhq 4 ' B1 Lq doo rwkhu fdvhv zh vroyh iru 4 qxphulfdoo| xvlqj d vlpsoh
uhfxuvlyh dojrulwkp1 Zh vhw 4 wr vrph lqlwldo ydoxh +w|slfdoo| 4 ' B, dqg frpsxwh wkh
frh!flhqwv ri wkh rswlpdo srolflhv> jlyhq wkhvh frh!flhqwv zh frpsxwh d qhz ydoxh
iru 4/ iurp zklfk zh rewdlq d qhz vhw ri frh!flhqwv/ dqg vr iruwk1 Zh frqwlqxh xqwlo
wkh gl�huhqfh ehwzhhq wzr frqvhfxwlyh ydoxhv ri 4 lv ohvv wkdq �f3e1 Wklv uhfxuvlrq
frqyhujhv yhu| udslgo| wr d qxpehu ehwzhhq }hur dqg rqh lq fdvhv zkhuh wkh ydoxh
ixqfwlrq ri wkh prgho lv �qlwh> wkhuh duh vrph fdvhv/ krzhyhu/ lq zklfk 4 lv gulyhq
wr }hur ru rqh ehfdxvh wkh ydoxh ixqfwlrq lv lq�qlwho| srvlwlyh ru qhjdwlyh dqg wkh
lq�qlwh0krul}rq rswlpl}dwlrq sureohp lv qrw zhoo gh�qhg1 Zh glvfxvv wkhvh fdvhv
ixuwkhu ehorz1
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Htxdwlrqv +59, dqg +5;, vkrz wkdw wkh orj frqvxpswlrq0zhdowk udwlr lv olqhdu lq
wkh vkruw0whup uhdo lqwhuhvw udwh +vlqfh %| lv olqhduo| uhodwhg wr o�c|n�,1 Wkh uhvsrqvh ri
frqvxpswlrq wr wkh lqwhuhvw udwh ghshqgv rq wkh lqyhvwru*v hodvwlflw| ri lqwhuwhpsrudo
vxevwlwxwlrq/ exw grhv qrw ghshqg gluhfwo| rq khu uhodwlyh ulvn dyhuvlrq1 Wkh ulvn dyhu0
vlrq frh!flhqw d�hfwv wkh g|qdplf ehkdylru ri frqvxpswlrq rqo| lqgluhfwo| wkurxjk
lwv h�hfw rq wkh orj0olqhdul}dwlrq sdudphwhu 41 Ehorz zh vkrz wkdw wklv lqgluhfw h�hfw
lv txdqwlwdwlyho| qhjoljleoh1

Wkh orj frqvxpswlrq0zhdowk udwlr lv frqvwdqw rqo| zkhq � ' �� Lq wklv fdvh S|��|

htxdov *L}E� � B�1 Iru wklv uhdvrq lqyhvwruv zlwk xqlw hodvwlflw| ri lqwhuwhpsrudo
vxevwlwxwlrq duh fdoohg �p|rslf frqvxphuv1� Vlqfh f 	 4 	 � dqg m�m 	 �/ wkh
frqvxpswlrq0zhdowk udwlr lqfuhdvhv zlwk wkh lqwhuhvw udwh li � 	 � dqg idoov zlwk wkh
lqwhuhvw udwh rwkhuzlvh1 Dq lqfuhdvh lq wkh vkruw0whup uhdo lqwhuhvw udwh lv htxlydohqw
wr dq lpsuryhphqw lq wkh lqyhvwphqw rssruwxqlw| vhw/ dqg lw kdv erwk lqfrph dqg
vxevwlwxwlrq h�hfwv1 Dq lqyhvwru zlwk orz � lv uhoxfwdqw wr vxevwlwxwh lqwhuwhpsrudoo|/
dqg iru khu wkh lqfrph h�hfw grplqdwhv/ ohdglqj khu wr lqfuhdvh khu frqvxpswlrq
uhodwlyh wr khu zhdowk1 Wklv lqfuhdvh lq frqvxpswlrq lv odujhu/ wkh pruh shuvlvwhqw
lv wkh lpsuryhphqw lq lqyhvwphqw rssruwxqlwlhv�wkh forvhu lv � wr rqh1 Frqyhuvho|/
wkh vxevwlwxwlrq h�hfw grplqdwhv iru dq lqyhvwru zlwk kljk � : �1 Wklv lqyhvwru zloo
uhgxfh suhvhqw frqvxpswlrq zkhq wkh lqwhuhvw udwh lqfuhdvhv/ dqg zloo gr vr pruh
djjuhvvlyho| zkhq wkh lqwhuhvw udwh surfhvv lv shuvlvwhqw1

Htxdwlrq +5<, vkrzv wkdw wkh rswlpdo sruwirolr doorfdwlrq wr wkh orqj0whup erqg
lv frqvwdqw ryhu wlph dqg lqghshqghqw ri wkh ohyho ri wkh vkruw0whup lqwhuhvw udwh1
Wkh sruwirolr doorfdwlrq ghshqgv rq wkh erqg pdwxulw|/ rq wkh shuvlvwhqfh ri wkh
vkruw0whup lqwhuhvw udwh/ dqg rq wkh lqyhvwru*v uhodwlyh ulvn dyhuvlrq/ exw grhv qrw
ghshqg gluhfwo| rq khu hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq1 Wkh hodvwlflw| ri
lqwhuwhpsrudo vxevwlwxwlrq d�hfwv sruwirolr fkrlfh rqo| lqgluhfwo| wkurxjk lwv h�hfw
rq wkh orj0olqhdul}dwlrq sdudphwhu 4/ dqg zh vkrz ehorz wkdw wklv lqgluhfw h�hfw lv
txdqwlwdwlyho| qhjoljleoh1

Wkh �uvw whup lqvlgh wkh eudfnhwv lq +5<, uhsuhvhqwv wkh p|rslf ghpdqg iru orqj0
whup erqgv/ zkloh wkh vhfrqg whup lqvlgh wkh eudfnhwv uhsuhvhqwv wkh lqwhuwhpsrudo
khgjlqj ghpdqg1 Wkh p|rslf ghpdqg ghshqgv rq wkh sdudphwhu q6% zklfk ghwhu0
plqhv wkh whup suhplxp> lw lv }hur li q6% ' f/ dqg lw vkulqnv dv ulvn dyhuvlrq �
lqfuhdvhv1 Wkh lqwhuwhpsrudo khgjlqj ghpdqg iru erqgv lv }hur zkhq � ' �1 Wkdw
lv/ wkh orqj0whup erqg ghpdqg ri lqyhvwruv zlwk xqlw uhodwlyh ulvn dyhuvlrq frh!flhqw
lv gulyhq h{foxvlyho| e| wkh ulvn suhplxp1 Iru wklv uhdvrq wkh| duh fdoohg �p|rslf
lqyhvwruv1�

Khgjlqj ghpdqg lv qhjdwlyh iru lqyhvwruv zlwk � 	 �> wkhvh lqyhvwruv suhihu wr krog
dvvhwv wkdw sd| r� zkhq lqyhvwphqw rssruwxqlwlhv duh jrrg/ vr wkh| �uhyhuvh khgjh�
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wkh ulvn ri dgyhuvh vkliwv lq lqyhvwphqw rssruwxqlwlhv1 Dv ulvn dyhuvlrq � lqfuhdvhv/ wkh
khgjlqj ghpdqg lqfuhdvhv dqg ehfrphv srvlwlyh zkhq � : �1 Phdqzkloh wkh p|rslf
ghpdqg iru erqgv vkulqnv/ vr wkh khgjlqj ghpdqg iru erqgv lqfuhdvhv uhodwlyh wr wkh
p|rslf ghpdqg> lq vhfwlrq 61: zh glvfxvv zkdw kdsshqv lq wkh olplw dv wkh lqyhvwru
ehfrphv lq�qlwho| ulvn dyhuvh1

618 Lpsolfdwlrqv ri frpsohwh pdunhwv

Zh kdyh doorzhg wkh lqyhvwru wr irup d sruwirolr iurp rqo| wzr dvvhwv/ d vkruw0whup
lqgh{hg erqg dqg d vlqjoh orqj0whup lqgh{hg erqg1 Hyhq zlwk rqo| wzr dvvhwv/ krz0
hyhu/ pdunhwv duh frpsohwh zlwk uhvshfw wr uhdo0lqwhuhvw0udwh ulvn ehfdxvh rxu uhdo
whup0vwuxfwxuh prgho kdv rqo| rqh idfwru1 Wklv idfw kdv vhyhudo lqwhuhvwlqj lpsolfd0
wlrqv1

Iluvw/ zlwk frpsohwh pdunhwv wkh lqyhvwru fdq frpelqh vkruw0 dqg orqj0whup erqgv
vr wkdw wkh uhwxuq rq khu erqg sruwirolr lv lqghshqghqw ri wkh pdwxulw| ri wkh orqj0
whup erqg wudghg lq wkh pdunhw1 Wkdw lv/ vkh fdq v|qwkhvl}h khu rzq rswlpdo orqj0
whup erqg/ zlwk wkh pdwxulw| rswlpdo iru khu jlyhq khu ulvn suhihuhqfhv1 Wkh uhwxuq
rq wkh rswlpdo erqg sruwirolr lv jlyhq e|

oRc|n� ' �
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2
Ek?�?3��

2 n k?�?3�q6%

�
j2% �

�

2

�
q26%j

2
% n j26

�
n%| � k?�?3�0%c|n�c +63,

dqg rqo| wkh surgxfw k?�?3� hqwhuv wklv h{suhvvlrq1 Rxu sruwirolr vroxwlrq +5<,
lpsolhv wkdw k?�?3� grhv qrw ghshqg rq ?1

Vhfrqg/ li uhdo0lqwhuhvw0udwh yduldwlrq lv wkh rqo| vrxufh ri ulvn/ wkhq pdunhwv duh
frpsohwh zlwk uhvshfw wr doo vrxufhv ri ulvn1 Zh fdq h{soruh wklv fdvh e| vhwwlqj
j26 ' f vr wkdw 06c|n� gursv iurp wkh gh�qlwlrq ri 6|n� lq +4,1 Lq wklv fdvh wkh
VGI lv xqltxh1 Vlqfh wkh lqwhuwhpsrudo pdujlqdo udwh ri vxevwlwxwlrq +LPUV, ri dq|
lqyhvwru fdq eh xvhg dv d ydolg VGI/ lw iroorzv wkdw doo lqyhvwruv pxvw kdyh wkh vdph
LPUV zklfk pxvw htxdo wkh VGI zh vshfl�hg h{rjhqrxvo| iru rxu whup vwuxfwxuh
prgho1 Wklv surylghv d fkhfn rq wkh lqwhuqdo frqvlvwhqf| ri rxu vroxwlrq1 Xvlqj +47,
wr h{suhvv wkh lqyhvwru*v LPUV dv d ixqfwlrq ri frqvxpswlrq jurzwk dqg wkh sruwirolr
uhwxuq/ zh pxvw kdyh
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Wdnlqj orjv dqg xvlqj rxu vroxwlrq/ lw lv vwudljkwiruzdug wr vkrz wkdw

*L} EU�-7|n�� ' w *L} B � w

�
{S|n� � E�� w� oRc|n�

' �%| � q6%0%c|n� ' 6|n�c +65,

zklfk lv wkh uhtxluhg uhvxow1
Wklug/ Fr{ dqg Kxdqj +4<;<, kdyh sursrvhg dq dowhuqdwlyh vroxwlrq phwkrg iru

lqwhuwhpsrudo frqvxpswlrq dqg sruwirolr fkrlfh sureohpv zlwk frpsohwh pdunhwv1
Wkh| zrun lq frqwlqxrxv wlph dqg vkrz wkdw zlwk frpsohwh pdunhwv/ rswlpdoo| lq0
yhvwhg zhdowk pxvw vdwlvi| d sduwldo gl�huhqwldo htxdwlrq +SGH,1 Xqiruwxqdwho| wklv
SGH grhv qrw jhqhudoo| kdyh d forvhg0irup vroxwlrq1 Zh qrz vkrz wkdw rxu vrox0
wlrq phwkrgrorj| lv htxlydohqw wr d glvfuhwh0wlph yhuvlrq ri wkh Fr{0Kxdqj dssurdfk>
rxu orjolqhdu dssur{lpdwlrq doorzv xv wr vroyh wkh glvfuhwh0wlph htxlydohqw ri wkh
Fr{0Kxdqj SGH lq forvhg irup1

Wr nhhs wkh dqdo|vlv vlpsoh/ zh zloo vshfldol}h wkh glvfxvvlrq wr wkh srzhu xwlolw|
fdvh +� ' �*�,1 Wkh h{whqvlrq wr uhfxuvlyh xwlolw| lv glvfxvvhg lq wkh Dsshqgl{1 Zh
vwduw e| gh�qlqj d qhz yduldeoh` W

| '`|��|�lqyhvwhg zhdowk�dqg qrwh wkdw iurp
wkh exgjhw frqvwudlqw +46,/ wkh sruwirolr uhwxuq htxdov -Rc|n� ' E` W

|n� n �|n��*`
W

| 1
Wkhq wkh Hxohu htxdwlrq +48, lpsolhv wkdw wkh udwlr` W

| *�| pxvw vdwlvi| wkh iroorzlqj
htxdwlrq=

` W

|

�|
' ,|

%#
� n

` W
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B
�
�|n�

�|

�3�&
c +66,

zkhuh BE�|n�*�|�
3� lv wkh lqyhvwru*v LPUV1

Htxdwlrq +66, gh�qhv dq h{shfwdwlrqdo gl�huhqfh htxdwlrq iru` W

| *�| wkdw ghshqgv
rq hqgrjhqrxv frqvxpswlrq jurzwk1 Krzhyhu/ li pdunhwv duh frpsohwh/ wkh htxdolw|
ri LPUV dqg VGI lpsolhv wkdw E�|n�*�|� ' B�*��

3�*�
|n� 1 Vxevwlwxwlqj lqwr +66,/ zh

fdq ghulyh dq h{shfwdwlrqdo gl�huhqfh htxdwlrq iru ` W

| *�| wkdw frqwdlqv rqo| wkh
h{rjhqrxv VGI dqg qrw hqgrjhqrxv frqvxpswlrq jurzwk=
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Wklv qrqolqhdu h{shfwdwlrqdo gl�huhqfh htxdwlrq lv wkh glvfuhwh0wlph htxlydohqw ri wkh
Fr{0Kxdqj SGH1

Htxdwlrq +67, grhv qrw jhqhudoo| kdyh d forvhg irup vroxwlrq/ vr lw pxvw eh vroyhg
qxphulfdoo| ru xvlqj dq dqdo|wlfdo dssur{lpdwlrq phwkrg1 Zh fdq dsso| wkh vdph
dssur{lpdwlrq wkdw zh kdyh douhdg| xvhg1 Wdnlqj orjv rq erwk vlghv ri +67, dqg xvlqj
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wkh vdph dssur{lpdwlrq durxqg wkh phdq orj frqvxpswlrq0zhdowk udwlr wkdw zh xvh
wr orjolqhdul}h wkh exgjhw frqvwudlqw9/ zh fdq zulwh +67, lq orj irup dv

S| ��| ' 4d& � �
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6|n� n ES|n� � �|n��

$
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zklfk lv olqhdu1 Lw lv wulyldo wr vkrz wkdw wklv htxdwlrq kdv wkh vdph vroxwlrq wkdw zh
kdyh douhdg| ghulyhg1

619 Hpslulfdo surshuwlhv ri wkh vroxwlrq

Wdeohv 6�8 h{soruh wkh surshuwlhv ri rxu vroxwlrq xvlqj wkh erqg0sulflqj sdudphwhuv
hvwlpdwhg lq Wdeoh 4 iru wkh shulrg 4<85�<91 Zh frpsxwh rswlpdo sruwirolr dqg
frqvxpswlrq uxohv iru lqyhvwruv zlwk wkh vdph wlph glvfrxqw udwh +eI, exw gl�huhqw
frh!flhqwv ri uhodwlyh ulvn dyhuvlrq dqg hodvwlflwlhv ri lqwhuwhpsrudo vxevwlwxwlrq1 Zh
frqvlghu ulvn dyhuvlrq frh!flhqwv ri 31:8/ 4/ 5/ 8/ 43/ dqg 8333 +h�hfwlyho| doprvw
lq�qlwh,/ dqg hodvwlflwlhv ri lqwhuwhpsrudo vxevwlwxwlrq wkdw duh wkh uhflsurfdov ri wkhvh
ydoxhv1 Wkh wdeohv duh rujdql}hg vr wkdw yhu| ulvn0dyhuvh lqyhvwruv duh dw wkh erwwrp/
lqyhvwruv zkr duh yhu| uhoxfwdqw wr vxevwlwxwh lqwhuwhpsrudoo| duh dw wkh uljkw/ dqg
srzhu0xwlolw| lqyhvwruv +iru zkrp wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq lv wkh
uhflsurfdo ri ulvn dyhuvlrq, duh dorqj wkh pdlq gldjrqdo1 Wkh wrs sdqho ri hdfk wdeoh
dvvxphv wkdw wkh erqgv dydlodeoh wr lqyhvwruv duh rqh0txduwhu dqg whq0|hdu }hur0
frxsrq lqgh{hg erqgv1

Wkh wrs sdqho ri Wdeoh 6 uhsruwv wkh shufhqwdjh sruwirolr vkduh ri d whq0|hdu }hur0
frxsrq lqgh{hg erqg1 Vlqfh lqgh{hg erqgv kdyh dwwudfwlyh Vkdush udwlrv/ zh �qg
wkdw lqyhvwruv zlwk orz ulvn dyhuvlrq kdyh d yhu| odujh p|rslf ghpdqg iru orqj0whup
lqgh{hg erqgv> wkh| zdqw wr lqyhvw pdq| wlphv wkhlu wrwdo zhdowk lq wkhvh erqgv
dqg eruurz dw wkh vkruw0whup ulvnohvv lqwhuhvw udwh1 Dv ulvn dyhuvlrq lqfuhdvhv/ wkh
ghpdqg iru lqgh{hg erqgv judgxdoo| ghfolqhv/ exw lw grhv qrw jr wr }hur ehfdxvh kljko|

9Wkh dssur{lpdwlrq lv
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ulvn dyhuvh lqyhvwruv kdyh d srvlwlyh lqwhuwhpsrudo khgjlqj ghpdqg iru orqj0whup
lqgh{hg erqgv1 Wdeoh 7 fodul�hv wklv srlqw e| uhsruwlqj wkh vkduh ri lqwhuwhpsrudo
khgjlqj ghpdqg lq wkh wrwdo ghpdqg iru orqj0whup erqgv1 Wklv vkduh ulvhv iurp
}hur zkhq � ' � wr <<1:( zkhq � ' Dfff1 Qrwh dovr wkdw gl�huhqw froxpqv ri wkhvh
wdeohv/ fruuhvsrqglqj wr gl�huhqw hodvwlflwlhv ri lqwhuwhpsrudo vxevwlwxwlrq/ duh doprvw
lghqwlfdo1 Wklv frq�upv rxu wkhruhwlfdo fodlp wkdw wkh hodvwlflw| ri lqwhuwhpsrudo
vxevwlwxwlrq/ rshudwlqj rqo| lqgluhfwo| wkurxjk wkh orj0olqhdul}dwlrq sdudphwhu 4/ kdv
d qhjoljleoh h�hfw rq sruwirolr doorfdwlrq1

Wdeoh 8 vxppdul}hv wkh rswlpdo frqvxpswlrq ehkdylru wkdw lv dvvrfldwhg zlwk
wkhvh sruwirolr uxohv1 Wkh ohiw kdqg vlgh ri wkh wdeoh vkrzv wkh dyhudjh frqvxpswlrq0
zhdowk udwlr/ zkloh wkh uljkw kdqg vlgh vkrzv wkh vwdqgdug ghyldwlrq ri rswlpdo frq0
vxpswlrq jurzwk1 Wr xqghuvwdqg wkh sdwwhuqv ri dyhudjh frqvxpswlrq0zhdowk udwlrv/
uhfdoo wkdw dq lqyhvwru zlwk }hur hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq frqvxphv wkh
dqqxlw| ydoxh ri zhdowk hdfk shulrg/ vr wkh dyhudjh frqvxpswlrq0zhdowk udwlr iru wklv
lqyhvwru lv mxvw wkh dyhudjh h{shfwhg uhwxuq rq wkh sruwirolr1 Wklv dyhudjh uhwxuq
ghfolqhv zlwk ulvn dyhuvlrq/ dqg vr wkh dyhudjh frqvxpswlrq0zhdowk udwlr dovr ghfolqhv
zlwk ulvn dyhuvlrq dv vkrzq lq wkh 428333 froxpq1 Lqyhvwruv zlwk kljkhu hodvwlflwlhv
ri frqvxpswlrq/ vkrzq wr wkh ohiw ri wkh 428333 froxpq/ duh zloolqj wr vxevwlwxwh
lqwhuwhpsrudoo| lq uhvsrqvh wr lqfhqwlyhv1 Wkh gluhfwlrq ri wkh vxevwlwxwlrq ghshqgv
rq wkh dyhudjh uhwxuq rq wkh sruwirolr lq uhodwlrq wr wkh wlph glvfrxqw udwh dqg wkh
ulvn ri wkh sruwirolr1 Lqyhvwruv zlwk orz ulvn dyhuvlrq +dw wkh wrs ri wkh sdqho, kdyh
kljk dyhudjh sruwirolr uhwxuqv vr wkh| vxevwlwxwh e| uhgxflqj suhvhqw frqvxpswlrq/
zkloh lqyhvwruv zlwk kljk ulvn dyhuvlrq +dw wkh erwwrp ri wkh sdqho, kdyh orz dyhudjh
sruwirolr uhwxuqv vr wkh| vxevwlwxwh e| lqfuhdvlqj suhvhqw frqvxpswlrq1 Wkh pdjql0
wxgh ri wkhvh h�hfwv lv vxfk wkdw doo lqyhvwruv zlwk xqlw hodvwlflw| ri vxevwlwxwlrq kdyh
wkh vdph dyhudjh frqvxpswlrq0zhdowk udwlr ri E��B�/ uhjdugohvv ri wkhlu ulvn dyhuvlrq1

Wkh dffxudf| ri rxu orjolqhdu dssur{lpdwlrq wr wkh lqwhuwhpsrudo exgjhw frq0
vwudlqw ghshqgv rq wkh yrodwlolw| ri wkh orj frqvxpswlrq0zhdowk udwlr1 Zh gr qrw
uhsruw wklv yrodwlolw| lq Wdeoh 8/ exw lw lv }hur iru � ' � +wkh fdvh zkhuh rxu dssur{0
lpdwlrq krogv h{dfwo|, dqg lv urxjko| sursruwlrqdo wr E� � ��1 +Lw zrxog eh h{dfwo|
sursruwlrqdo li wkh orj0olqhdul}dwlrq sdudphwhu 4 zhuh �{hg1, Wkh pd{lpxp vwdqgdug
ghyldwlrq ri wkh orj frqvxpswlrq0zhdowk udwlr lv derxw 6( iru � forvh wr }hur dw wkh
idu uljkw ri wkh wdeoh1 Wkhvh qxpehuv vxjjhvw wkdw rxu dssur{lpdwlrq vkrxog eh h{0
wuhpho| dffxudwh iru d whup0vwuxfwxuh prgho ri wkh vruw zh kdyh hvwlpdwhg lq 4<85�<91
Fdpsehoo dqg Nrr +4<<:, xvh qxphulfdo phwkrgv wr vroyh d prgho zlwk dq h{rjhqrxv
sruwirolr uhwxuq wkdw iroorzv dq DU+4, surfhvv olnh wkh hqgrjhqrxv sruwirolr uhwxuq lq
rxu prgho> wkh| �qg wkdw dssur{lpdwlrq huuru lv yhu| vpdoo zkhqhyhu wkh vwdqgdug
ghyldwlrq ri wkh orj frqvxpswlrq0zhdowk udwlr lv 8( ru ehorz1

55



Wkh uljkw kdqg sduw ri Wdeoh 8 looxvwudwhv vrph lqwhuhvwlqj sdwwhuqv lq wkh frqgl0
wlrqdo yrodwlolw| ri frqvxpswlrq jurzwk1 Lqyhvwruv zlwk orz ulvn dyhuvlrq krog ohyhu0
djhg erqg sruwirolrv wkdw jlyhq wkhp kljko| yrodwloh frqvxpswlrq/ uhjdugohvv ri wkhlu
lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq lq frqvxpswlrq1 Frqvhuydwlyh lqyhvwruv krog
lqgh{hg erqgv iru khgjlqj sxusrvhv1 Lqyhvwruv zkr duh erwk kljko| ulvn0dyhuvh dqg
kljko| uhoxfwdqw wr vxevwlwxwh frqvxpswlrq lqwhuwhpsrudoo| uhgxfh wkh frqglwlrqdo
yrodwlolw| ri wkhlu frqvxpswlrq jurzwk wr }hur> kljko| ulvn0dyhuvh lqyhvwruv zkr duh
zloolqj wr vxevwlwxwh lqwhuwhpsrudoo|/ krzhyhu/ uhvsrqg wr lqwhuhvw udwh pryhphqwv e|
dgmxvwlqj wkhlu frqvxpswlrq/ vr wkhlu frqglwlrqdo frqvxpswlrq yrodwlolw| lv srvlwlyh1
Zh qrz h{soruh lq pruh ghwdlo wkh ehkdylru ri kljko| ulvn0dyhuvh lqyhvwruv1

61: Rq wkh hfrqrplf gh�qlwlrq ri wkh ulvnohvv dvvhw

Lq �qdqfldo hfrqrplfv d rqh0shulrg lqgh{hg erqg lv xvxdoo| wkrxjkw ri dv ulvnohvv1
Ryhu rqh shulrg/ d qrplqdo erqg lv d jrrg vxevwlwxwh iru dq lqgh{hg erqg +Yldug
4<<6,/ dqg wkxv e| h{whqvlrq wkh ulvnohvv dvvhw lv riwhq lghqwl�hg zlwk d vkruw0whup
qrplqdo dvvhw vxfk dv d Wuhdvxu| eloo1 Lq d zruog zlwk wlph0ydu|lqj lqwhuhvw udwhv/
krzhyhu/ rqo| wkh fxuuhqw vkruw0whup uhdo lqwhuhvw udwh lv ulvnohvv> ixwxuh vkruw0whup
uhdo lqwhuhvw udwhv duh xqfhuwdlq1 Wklv pdnhv d rqh0shulrg erqg ulvn| iurp wkh shu0
vshfwlyh ri orqj0krul}rq lqyhvwruv1 Iru vxfk lqyhvwruv/ d pruh qdwxudo gh�qlwlrq ri d
ulvnohvv dvvhw pljkw eh d uhdo shushwxlw|/ vlqfh wklv dvvhw sd|v d �{hg frxsrq ri rqh
xqlw ri frqvxpswlrq shu shulrg iruhyhu1

Zh qrz vkrz wkdw lq rxu prgho dq lqglylgxdo zkr lv lq�qlwho| ulvn0dyhuvh dqg
lq�qlwho| uhoxfwdqw wr vxevwlwxwh frqvxpswlrq lqwhuwhpsrudoo| fkrrvhv d sruwirolr ri
lqgh{hg erqgv wkdw lv htxlydohqw wr d uhdo shushwxlw|1 Wkdw lv/ li d uhdo shushwxlw|
zhuh dydlodeoh/ wkh sruwirolr zrxog eh ixoo| lqyhvwhg lq wkdw erqg1 Wr vhh wklv/ zh �uvw
qrwh wkdw/ iurp +63, dqg +5<,/ wkh lqwhuhvw0udwh vhqvlwlylw| ri wkh wkh rswlpdo sruwirolr
iru dq lq�qlwho| ulvn0dyhuvh lqglylgxdo lv jlyhq e|
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YoRc|n�
Y�%c|n�
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E�k?�?3�� ' � 4

�� 4�%
� +69,

D uhdo shushwxlw| sd|v d �{hg frxsrq ri rqh xqlw ri frqvxpswlrq shu shulrg
iruhyhu1 Wkh orj frxsrq rq wkh erqg lv wkhuhiruh _Sc| ' f ;|1 Fdpsehoo/ Or dqg
PdfNlqod| +4<<:/ s1 73;,/ iroorzlqj Vkloohu +4<:<,/ vkrz wkdw d orj0olqhdu dssur{l0
pdwlrq wr wkh orj |lhog rq d uhdo shushwxlw| lv

+Sc| � E�� 4S� ,|

"[
�'f

4�SoSc|n�n�c +6:,
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zkhuh +Sc| lv wkh orj |lhog rq wkh uhdo shushwxlw|/ oSc|n� lv wkh orj uhwxuq rq wkh shu0
shwxlw|/ dqg 4S lv d orj0olqhdul}dwlrq frqvwdqw htxdo wr 4 ' �� i Ti,E�RSc|�j/ zkhuh
RSc| lv wkh orj �fxp0glylghqg� sulfh ri wkh shushwxlw| lqfoxglqj lwv fxuuhqw frxsrq1:

Wkh uhwxuq rq wkh uhdo shushwxlw| pxvw yhuli| wkh sulflqj uhodwlrq � ' ,|d�|n�-Sc|n�o1
Dvvxplqj wkdw -Sc|n� lv orjqrupdoo| glvwulexwhg/ zh pxvw kdyh wkdw

,| doSc|n�o ' %| � �

2
V@h| E6|n��� �

2
V@h| EoSc|n�� n �L�| E6|n�c oSc|n��

' %| n /2
S c +6;,

zkhuh /2
S lv d srvlwlyh frqvwdqw1 Htxdwlrqv +6:, dqg +6;, lpso| wkdw
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S n
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Exw Fdpsehoo/ Or dqg PdfNlqod| +4<<:/ s1 73;/ ht1 431414<, dovr vkrz wkdw
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zklfk lq wxuq lpsolhv wkdw wkh lqwhuhvw0udwh vhqvlwlylw| ri d uhdo shushwxlw| lv jlyhq e|

YoSc|n�
Y�%c|n�

' � 4S
�� 4S�%

� +74,

Htxdwlrqv +69, dqg +74, gl�hu rqo| e| wkh orj0olqhdul}dwlrq frqvwdqwv 4 dqg 4S1
Wkhvh wzr frqvwdqwv duh wkh vdph iru dq lqglylgxdo zkr lv lq�qlwho| uhoxfwdqw wr
vxevwlwxwh frqvxpswlrq lqwhuwhpsrudoo| +� ' f,1 Vxfk dq lqglylgxdo frqvxphv wkh
dqqxlw| ydoxh ri zhdowk/ wkh frqvxpswlrq vwuhdp wkdw fdq eh vxvwdlqhg lqgh�qlwho| e|
wkh lqlwldo ohyho ri zhdowk1 Exw wkh dqqxlw| ydoxh ri d uhdo shushwxlw| lv mxvw lwv glylghqg
ri rqh1 Wkxv iru wklv lqyhvwru �*` ' �*�S/ zklfk lpsolhv ,dS � �o ' ,d�RSo/ dqg
wkxv/ iurp wkh gh�qlwlrqv ri wkh orj0olqhdul}dwlrq sdudphwhuv/ 4 ' 4S1 Wkh lq�qlwho|
ulvn0dyhuvh lqyhvwru zkr lv lq�qlwho| uhoxfwdqw wr vxevwlwxwh lqwhuwhpsrudoo| krogv d

:Fdpsehoo/ Or/ dqg PdfNlqod| jlyh dq dowhuqdwlyh gh�qlwlrq ri �
f
lq uhodwlrq wr wkh �h{0glylghqg�

sulfh ri wkh frqvro h{foxglqj lwv fxuuhqw frxsrq1 Wklv lv pruh qdwxudo lq d erqg sulflqj frqwh{w/ exw
ohvv frqyhqlhqw khuh ehfdxvh wkh irup ri wkh exgjhw frqvwudlqw +46, lpsolhv wkdw zh duh phdvxulqj
zhdowk lqfoxvlyh ri fxuuhqw frqvxpswlrq/ wkdw lv/ rq d �fxp0glylghqg� edvlv1
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uhdo shushwxlw| wkdw �qdqfhv d ulvnohvv frqvxpswlrq vwuhdp ryhu wkh lq�qlwh ixwxuh1
Lq wklv vhqvh d uhdo shushwxlw| udwkhu wkdq d rqh0shulrg lqgh{hg erqg lv d ulvnohvv
dvvhw iru d orqj0krul}rq lqyhvwru1

Rxu hpslulfdo uhvxowv lq Wdeoh 6 looxvwudwh wkhvh �qglqjv1 Jlyhq wkh sdudphwhuv
ri wkh uhdo whup0vwuxfwxuh prgho zh kdyh hvwlpdwhg/ d 430|hdu lqgh{hg }hur0frxsrq
erqg kdv d yhu| voljkwo| juhdwhu lqwhuhvw0udwh vhqvlwlylw| wkdq dq lqgh{hg shushwxlw|1
Dffruglqjo| dq lqyhvwru zlwk ulvn dyhuvlrq ri 8333 +h�hfwlyho| lq�qlwh, dqg hodvwlflw|
ri lqwhuwhpsrudo vxevwlwxwlrq ri 428333 +h�hfwlyho| }hur, krogv <9( ri khu zhdowk lq
430|hdu lqgh{hg }hur0frxsrq erqgv/ dqg 7( lq lqgh{hg eloov/ fuhdwlqj d sruwirolr wkdw
lv htxlydohqw wr dq lqgh{hg shushwxlw|1
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7 Wkh Ghpdqg iru Qrplqdo Erqgv

714 Xqfrqvwudlqhg ghpdqg

Wkh uhvxowv lq wkh suhylrxv vhfwlrq fdq hdvlo| eh jhqhudol}hg wr wkh fdvh zkhuh wkh
lqyhvwru fdq krog rqo| qrplqdo erqgv/ ru erwk qrplqdo dqg lqgh{hg erqgv1 Zh fdq
dvvxph wkdw wkh vkruw0whup dvvhw lv lqgh{hg ru qrplqdo/ ru doorz erwk w|shv ri vkruw0
whup dvvhw1 Iru uhdolvp/ krzhyhu/ dqg vlqfh lq dwlrq ulvn lv prghvw dw wkh vkruw hqg
ri wkh whup vwuxfwxuh/ zh qrz dvvxph wkdw wkh rqh0shulrg dvvhw lv qrplqdo1

Hyhq lq wkh suhvhqfh ri qrplqdo dvvhwv/ wkh orj frqvxpswlrq0zhdowk udwlr vwloo
ghshqgv rqo| rq wkh vwdwh yduldeoh %|/ dqg qrw rq h{shfwhg lq dwlrq 5|1 Ixuwkhupruh
wklv udwlr lv vwloo d olqhdu ixqfwlrq ri %|/ dqg wkh vorsh frh!flhqw lv vwloo jlyhq e|
K� ' 4 E�� �� *E�� 4�� dv lq htxdwlrq +5;,1 Wkh phqx ri dydlodeoh dvvhwv d�hfwv wklv
frh!flhqw rqo| lqgluhfwo| e| d�hfwlqj wkh lqwhufhsw Kf ri wkh frqvxpswlrq ixqfwlrq/
zklfk lq wxuq ghwhuplqhv wkh orj0olqhdul}dwlrq sdudphwhu 41

Zh zulwh wkh yhfwru ri doorfdwlrqv wr orqj0whup +qrplqdo dqg lqgh{hg, erqgv dv
�1 Wkhq zh kdyh

� '
�

�
P3�@c +75,

zkhuh P lv wkh yduldqfh0fryduldqfh pdwul{ ri h{fhvv erqg uhwxuqv ryhu wkh vkruw0whup
dvvhw dqg

@ '4n �Tn
�� �

�� �
�� +76,

Khuh 4 lv d yhfwru ri Mhqvhq*v0Lqhtxdolw|0fruuhfwhg phdq h{fhvv uhwxuqv zkrvh �wk
hohphqw lv

6� ' ,|do�c|n� � Eom�c|n� � Z|n��o n
�

2
V@h|do�c|n� � Eom�c|n� � Z|n��oc +77,

T lv d yhfwru ri frqglwlrqdo fryduldqfhv zlwk wkh uhdo uhwxuq rq wkh vkruw0whup erqg
zkrvh �wk hohphqw lv

R� ' �L�|do�c|n� � Eom�c|n� � Z|n��c o
m
�c|n� � Z|n�oc +78,

dqg � lv d yhfwru ri frqglwlrqdo fryduldqfhv zlwk wkh frqvxpswlrq0zhdowk udwlr zkrvh
�wk hohphqw lv

�� ' �L�|do�c|n� � Eom�c|n� � Z|n��c S|n� � �|n�o

'
4

�� 4�
E�� ���L�|do�c|n� � Eom�c|n� � Z|n��c %|n�o� +79,
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Wkh yhfwru4 jlyhv wkh vwdqgdug rqh0shulrg phdq0yduldqfh dqdo|vlv/ zkloh wkh yhfwru
T dsshduv ehfdxvh zh kdyh dvvxphg wkdw wkh vkruw0whup dvvhw lv qrplqdo vr wkdw lw
lv ulvn| lq uhdo whupv1 Lq sudfwlfh wkh hohphqwv ri T duh doo h{wuhpho| vpdoo dqg kdyh
olwwoh lpsdfw rq wkh sruwirolr doorfdwlrq1 Wkh yhfwru � uhsuhvhqwv wkh lqwhuwhpsrudo
khgjlqj frpsrqhqw ri erqg ghpdqg1

Wkh vroxwlrq ri wkh prgho lv dqdo|wlfdo jlyhq wkh orjolqhdul}dwlrq sdudphwhu 41 Zh
�qg 4 xvlqj wkh vdph uhfxuvlyh surfhgxuh dv ehiruh> zh dvvxph d ydoxh iru 4/ vroyh
wkh prgho/ jhw d qhz ydoxh iru 4/ dqg vr rq xqwlo frqyhujhqfh1

Wkh vhfrqg sdqho lq Wdeohv 6�8 uhsruwv wkh rswlpdo sruwirolr dqg frqvxpswlrq
uxohv lpsolhg e| wkh qrplqdo whup vwuxfwxuh prgho hvwlpdwhg ryhu wkh shulrg 4<85�
<9/ dvvxplqj wkdw wkh rqo| dvvhwv dydlodeoh wr lqyhvwruv duh rqh0txduwhu dqg whq0|hdu
qrplqdo }hur0frxsrq erqgv1 Qrplqdo erqgv kdyh voljkwo| kljkhu dyhudjh uhwxuqv wkdq
lqgh{hg erqgv/ exw duh vxemhfw wr lq dwlrq ulvn1 Wdeoh 6 vkrzv wkdw zkhq lqyhvwruv
duh irufhg wr ehdu wklv ulvn wkh| vkruwhq wkh pdwxulwlhv ri wkhlu erqg sruwirolrv1

Wkh wklug sdqho lq Wdeohv 6�8 uhsruwv wkh vroxwlrq wr d prgho lq zklfk erwk lqgh{hg
dqg qrplqdo erqgv duh dydlodeoh1 Zh doorz lqyhvwruv wr krog wkuhh0prqwk qrplqdo/
whq0|hdu qrplqdo/ dqg whq0|hdu lqgh{hg erqgv1 Lqyhvwruv zlwk orz ulvn dyhuvlrq krog d
pl{ ri erwk lqgh{hg dqg qrplqdo erqgv/ vhhnlqj wr hduq erwk wkh uhdo whup suhplxp
dqg wkh lq dwlrq ulvn suhplxp/ dqg h{sorlwlqj wkh lpshuihfw fruuhodwlrqv ehwzhhq
wkh uhdo dqg qrplqdo vrxufhv ri ulvn1 Pruh frqvhuydwlyh lqyhvwruv frqfhqwudwh wkhlu
sruwirolrv rq lqgh{hg erqgv1

Wkh erwwrp sdqho lq Wdeohv 608 uhsruwv wkh rswlpdo sruwirolr doorfdwlrq dqg frq0
vxpswlrq fkrlfh zkhq wkh dvvhwv dydlodeoh wr lqyhvwruv duh wkuhh0prqwk/ wkuhh0|hdu/
dqg whq0|hdu qrplqdo erqgv1 Lqyhvwruv krog kljko| ohyhudjhg sruwirolrv/ zlwk orqj
srvlwlrqv lq wkh wkuhh0|hdu qrplqdo erqg dqg vkruw srvlwlrqv lq wkh whq0|hdu qrplqdo
erqg1 Ulvn0wrohudqw lqyhvwruv gr wklv ehfdxvh wkh| duh dwwudfwhg e| wkh kljk Vkdush
udwlr ri wkh wkuhh0|hdu qrplqdo erqg uhodwlyh wr wkh Vkdush udwlr ri wkh whq0|hdu
qrplqdo erqg/ dqg wkh| vkruw whq0|hdu erqgv wr uhgxfh wkhlu sruwirolr ulvn1 Frqvhu0
ydwlyh lqyhvwruv h{sorlw wkh idfw wkdw wkuhh0|hdu erqgv kdyh d juhdwhu uhdo0lqwhuhvw0udwh
vhqvlwlylw| wkdq whq0|hdu erqgv wr fuhdwh erqg sruwirolrv zlwk vlplodu surshuwlhv wr
orqj0whup lqgh{hg erqgv/ hyhq wkrxjk lqgh{hg erqgv duh qrw gluhfwo| dydlodeoh lq wkh
pdunhwsodfh1 Wkh| duh qrw deoh wr dyrlg doo lq dwlrq ulvn/ krzhyhu/ ehfdxvh wkhuh duh
wkuhh vrxufhv ri ulvn lq wkh prgho�vkrfnv wr uhdo lqwhuhvw udwhv/ h{shfwhg lq dwlrq/
dqg xqh{shfwhg lq dwlrq�dqg rqo| wkuhh dvvhwv duh dydlodeoh1 Wkxv pdunhwv duh qrw
txlwh frpsohwh1

Zkhq rqo| qrplqdo erqgv duh dydlodeoh/ rxu vroxwlrq surfhgxuh idlov wr frqyhujh
iru lqyhvwruv zlwk ulvn dyhuvlrq � ' Dfff dqg hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq
� 9' �1 Wkh h{sodqdwlrq lv wkdw wkhvh doprvw lq�qlwho| ulvn0dyhuvh lqyhvwruv duh irufhg
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wr ehdu lq dwlrq ulvn1 Wkh| uhvsrqg e| lqfuhdvlqj wkhlu suhfdxwlrqdu| vdylqj +zkhq
� 	 �, ru ghfuhdvlqj lw +zkhq � : �, vr wkdw wkh frqvxpswlrq0zhdowk udwlr lv }hur ru
rqh1

715 Frqvwudlqhg ghpdqg

Wkh xqfrqvwudlqhg sruwirolr doorfdwlrqv uhsruwhg lq Wdeoh 6 duh riwhq kljko| ohyhudjhg/
dqg wklv pd| qrw eh uhdolvwlf1 Zh qrz dqdo|}h wkh rswlpdo doorfdwlrqv wr lqgh{hg dqg
qrplqdo erqgv zkhq lqyhvwruv* sruwirolr fkrlfh lv olplwhg e| eruurzlqj dqg vkruw0vdohv
frqvwudlqwv1 Ehfdxvh wkh xqfrqvwudlqhg rswlpdo sruirolr srolf| lv frqvwdqw ryhu wlph/
zh fdq gr wklv xvlqj uhvxowv lq Whsoä +4<<:,1 Iroorzlqj Fylwdql�f dqg Ndudw}dv +4<<6,/
Whsoä +4<<:, vkrzv wkdw vwdqgdug uhvxowv lq vwdwlf sruwirolr fkrlfh zlwk eruurzlqj dqg
vkruw0vdohv frqvwudlqwv h{whqg wr lqwhuwhpsrudo prghov zkrvh xqfrqvwudlqhg rswlpdo
sruwirolr srolflhv duh frqvwdqw ryhu wlph1 Wkh rswlpdo sruwirolr doorfdwlrqv xqghu eru0
urzlqj frqvwudlqwv duh wkh xqfrqvwudlqhg doorfdwlrqv zlwk d kljkhu vkruw0whup lqwhuhvw
udwh/ dqg wkh rswlpdo sruwirolr doorfdwlrqv xqghu vkruw0vdohv frqvwudlqwv duh irxqg e|
uhgxflqj wkh glphqvlrqdolw| ri wkh dvvhw vsdfh xqwlo wkh rswlpdo xqfrqvwudlqhg door0
fdwlrqv lpso| qr vkruw vdohv1

Wdeoh 9 uhsruwv wkh rswlpdo doorfdwlrqv xqghu eruurzlqj dqg vkruw0vdohv frq0
vwudlqwv iru wkh vdph fdvhv dv lq Wdeoh 61 Wkh rswlpdo frqvwudlqhg doorfdwlrqv lq
wkh xsshu wzr sdqhov ri wkh wdeoh/ zkhuh rqo| d vkruw0whup erqg dqg d vlqjoh orqj0
whup erqg duh dydlodeoh/ duh wulyldoo| }hur iru wkrvh fdvhv lq zklfk wkh xqfrqvwudlqhg
doorfdwlrq lpsolhv vkruw vdohv ri wkh orqj0whup erqg/ dqg 433( iru wkrvh fdvhv lq zklfk
wkh xqfrqvwudlqhg doorfdwlrq lpsolhv eruurzlqj1 Wkh orzhu wzr sdqhov duh pruh lqwhu0
hvwlqj/ ehfdxvh wkh| frqvlghu vfhqdulrv zkhuh wkhuh duh wzr orqj0whup erqgv dydlodeoh
wr wkh lqyhvwru lq dgglwlrq wr wkh vkruw0whup erqg1

Wkh wklug sdqho ri Wdeoh 9 uhsruwv wkh frqvwudlqhg sruwirolr doorfdwlrqv zkhq wkh
rqo| dvvhwv dydlodeoh wr wkh lqyhvwru duh d wkuhh0prqwk qrplqdo/ d whq0|hdu lqgh{hg/
dqg d whq0|hdu qrplqdo erqg1 Wkh frqvwudlqhg ghpdqg iru orqj0whup lqgh{hg erqgv
uhodwlyh wr orqj0whup qrplqdo erqgv lqfuhdvhv zlwk wkh frh!flhqw ri uhodwlyh ulvn
dyhuvlrq1 Lqyhvwruv zlwk orz ulvn dyhuvlrq krog suhgrplqdqwo| qrplqdo erqgv/ ghvslwh
wkhlu orzhu Vkdush udwlrv/ dv d zd| wr lqfuhdvh wkhlu ulvn dqg h{shfwhg uhwxuq zlwkrxw
xvlqj ohyhudjh1 Frqvhuydwlyh lqyhvwruv krog suhgrplqdqwo| lqgh{hg erqgv ehfdxvh ri
wkhlu frqvxpswlrq khgjlqj surshuwlhv1

Wkh erwwrp sdqho ri Wdeoh 9 uhsruwv wkh frqvwudlqhg sruwirolr doorfdwlrqv lq wkh
prgho zlwk wzr orqj0whup qrplqdo erqgv/ d wkuhh0|hdu erqg dqg d whq0|hdu erqg1
Lqyhvwruv zlwk orz ulvn dyhuvlrq krog vrph whq0|hdu erqgv/ ghvslwh wkhlu orzhu Vkdush
udwlrv/ dv d zd| wr lqfuhdvh wkhlu ulvn dqg h{shfwhg uhwxuq zlwkrxw xvlqj ohyhudjh1
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Lqyhvwruv zlwk prghudwh ulvn dyhuvlrq krog rqo| wkuhh0|hdu erqgv/ zkloh h{wuhpho|
frqvhuydwlyh lqyhvwruv krog wkuhh0|hdu erqgv dqg fdvk1

716 D zhoiduh dqdo|vlv ri erqg lqgh{dwlrq

Zh qrz frqvlghu wkh zhoiduh h�hfwv ri vzlwfklqj iurp d zruog zkhuh rqo| qrpl0
qdo erqgv duh dydlodeoh wr d zruog zkhuh doo ghew lqvwuxphqwv duh lqgh{hg/ ru wr d
zruog zkhuh erwk qrplqdo dqg lqgh{hg erqgv duh dydlodeoh1 Zh vwxg| wklv lvvxh
xvlqj htxdwlrq +4:,/ zklfk jlyhv wkh ydoxh ixqfwlrq shu xqlw zhdowk dv d prqrwrqlf
wudqvirupdwlrq ri wkh rswlpdo frqvxpswlrq0zhdowk udwlr1 Khqfh/ zh fdq frpsxwh dq
dssur{lpdwh ydoxh ixqfwlrq zlwkrxw dq| qhhg iru ixuwkhu dssur{lpdwlrqv mxvw e| vxe0
vwlwxwlqj lqwr wklv h{suhvvlrq rxu dssur{lpdwh frqvxpswlrq0zhdowk udwlr1 Iru yhu|
orz �/ wkh ydoxh ixqfwlrq shu xqlw zhdowk zloo dfwxdoo| htxdo wkh frqvxpswlrq0zhdowk
udwlr1;

Wkh orj ydoxh ixqfwlrq lv d olqhdu ixqfwlrq ri wkh vkruw0whup lqwhuhvw udwh/ vr
lw lv wlph0ydu|lqj1 Wdeoh :/ zklfk kdv wkh vdph vwuxfwxuh dv Wdeohv 6�9/ uhsruwv
wkh phdq ydoxh ixqfwlrq shu xqlw ri zhdowk lpsolhg e| rxu vroxwlrq phwkrg iru wkh
xqfrqvwudlqhg doorfdwlrqv rq wkh ohiw/ dqg iru wkh frqvwudlqhg doorfdwlrqv rq wkh uljkw1
Ehfdxvh wkh uhfxuvlyh xwlolw| ixqfwlrq +45, lv qrupdol}hg wr eh krprjhqhrxv ri ghjuhh
rqh lq zhdowk/ zh fdq wdnh wkh udwlrv ri wkhvh qxpehuv dfurvv sdqhov/ iru lqyhvwruv
zlwk lghqwlfdo suhihuhqfhv/ dv uhsuhvhqwlqj wkh zhdowk udwlrv wkdw zrxog eh uhtxluhg wr
frpshqvdwh lqyhvwruv iru fkdqjhv lq wkh dydlodeoh dvvhwv dqg lqyhvwphqw frqvwudlqwv1

Frpsdulqj wkh �uvw wzr sdqhov ri Wdeoh :/ zh vhh wkdw erqg lqgh{dwlrq fdq kdyh
vxevwdqwldo ehqh�wv wr lqyhvwruv1 Lqyhvwruv zlwk orz ulvn dyhuvlrq ehqh�w ehfdxvh
lqgh{hg erqgv kdyh kljkhu Vkdush udwlrv wkdq qrplqdo erqgv/ zkloh pruh frqvhuydwlyh
lqyhvwruv ehqh�w ehfdxvh lqgh{dwlrq holplqdwhv dq xqzhofrph vrxufh ri ulvn1 Wkh
h�hfwv rq zhoiduh fdq eh vxevwdqwldo> zkhq wkhlu sruwirolr fkrlfh lv xqfrqvwudlqhg/
iru pdq| lqyhvwruv wkh ydoxh ixqfwlrq lv pruh wkdq wzlfh dv kljk lq d ixoo| lqgh{hg
hqylurqphqw wkdq lq d sxuho| qrplqdo hqylurqphqw1 Vxfk lqyhvwruv zrxog eh zloolqj wr
sd| pruh wkdq kdoi wkhlu zhdowk wr hqmr| wkh ehqh�wv ri lqgh{dwlrq1 Wkh rqo| lqyhvwruv
zkr orvh iurp lqgh{dwlrq duh lqyhvwruv zlwk orz ulvn dyhuvlrq zkr duh vxemhfw wr
eruurzlqj dqg vkruw0vdohv frqvwudlqwv1 Wkhvh lqyhvwruv suhihu wr krog qrplqdo erqgv/
ghvslwh wkhlu orz Vkdush udwlrv/ dv d zd| wr lqfuhdvh ulvn dqg h{shfwhg uhwxuq zlwkrxw
xvlqj ohyhudjh1

Wkhvh �qglqjv duh lq vwurqj frqwudvw zlwk wkh fodlp ri Yldug +4<<6, wkdw lqgh{dwlrq

;Zh kdqgoh wkh fdvh # @ 4 e| wdnlqj dssursuldwh olplwv lq +4:,1 Fdpsehoo dqg Ylfhlud +4<<<,
surylgh d pruh ghwdlohg glvfxvvlrq lq d uhodwhg prgho1
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kdv rqo| plqru zhoiduh h�hfwv1 Yldug prghov lqgh{dwlrq dv holplqdwlrq ri wkh lq dwlrq
ulvn lq d rqh0shulrg dvvhw/ dqg vwxglhv wkh ehqh�wv wr rqh0shulrg lqyhvwruv1 Vlqfh
wkhuh lv olwwoh ulvn lq lq dwlrq ryhu rqh shulrg/ Yldug*v uhvxow lv qrw vxusulvlqj1 Zh jhw
pxfk odujhu ehqh�wv ri lqgh{dwlrq ehfdxvh zh prgho lqgh{dwlrq dv holplqdwlrq ri wkh
lq dwlrq ulvn lq orqj0whup dvvhwv/ dqg vwxg| wkh ehqh�wv wr orqj0whup lqyhvwruv1<

Dq dssduhqwo| sdudgr{lfdo uhvxow lv wkdw iru vrph lqyhvwruv zhoiduh lv kljkhu zkhq
rqo| lqgh{hg erqgv duh dydlodeoh +lq wkh wrs sdqho, wkdq zkhq erwk qrplqdo dqg
lqgh{hg erqgv duh dydlodeoh +lq wkh wklug sdqho,1 Wkh h{sodqdwlrq lv wkdw lq wkh wrs
sdqho wkh vkruw0whup erqg lv lqgh{hg/ zkhuhdv lq wkh erwwrp sdqho lw lv qrplqdo1 Wkh
vpdoo ehqh�wv ri vkruw0whup lqgh{dwlrq lq wkh wrs sdqho duh hqrxjk wr rxwzhljk wkh
vpdoo ehqh�wv ri wkh dgglwlrqdo orqj0whup qrplqdo dvvhw wkdw lv dydlodeoh lq wkh wklug
sdqho1

Wkh fdvh zkhuh wzr orqj0whup qrplqdo erqgv dqg rqh vkruw0whup qrplqdo erqg
duh dydlodeoh lv looxvwudwhg lq wkh erwwrp sdqho ri Wdeoh :1 Wklv dvvhw phqx gholyhuv
wkh kljkhvw zhoiduh iru lqyhvwruv zlwk orz ru prghudwh ulvn dyhuvlrq/ exw lv pxfk ohvv
vdwlvidfwru| iru lqyhvwruv zlwk kljk ulvn dyhuvlrq +deryh 43 ru vr,1 Vxfk lqyhvwruv
kdyh d vwurqj ghpdqg iru wkh frqvxpswlrq lqvxudqfh surylghg e| orqj0whup lqgh{hg
erqgv1

Dgyrfdwhv ri erqg lqgh{dwlrq kdyh vrphwlphv dujxhg wkdw wkh dydlodelolw| ri lq0
gh{hg dvvhwv zloo vwlpxodwh vdylqj1 Krzhyhu wklv h�hfw ghshqgv rq wkh hodvwlflw| ri
lqwhuwhpsrudo vxevwlwxwlrq/ �1 Li � ' �/ wkhq wkh frqvxpswlrq0zhdowk udwlr lv frq0
vwdqw uhjdugohvv ri wkh dydlodeoh dvvhw phqx1 Li � lv forvh wr }hur/ dv pdq| hpslulfdo
hvwlpdwhv vxjjhvw/ wkhq wkh frqvxpswlrq0zhdowk udwlr dssur{lpdwho| htxdov wkh ydoxh
ixqfwlrq1 Wkxv wkh zhoiduh ehqh�w ri lqgh{dwlrq lv dffrpsdqlhg e| dq lqfuhdvh lq
frqvxpswlrq dqg d ghfolqh lq vdylqj1 Wklv srlqw fdq eh dssuhfldwhg e| frpsdulqj
wkh dyhudjh frqvxpswlrq0zhdowk udwlrv lq Wdeoh 8 zlwk wkh zhoiduh phdvxuhv lq Wdeoh
:1

Ilqdoo|/ zh qrwh wkdw zhoiduh fdofxodwlrqv iru wkh 4<;60<9 vdpsoh shulrg/ qrw uh0
sruwhg khuh/ gholyhu txdolwdwlyho| vlplodu uhvxowv exw frqvlghudeo| vpdoohu zhoiduh ehqh0
�wv ri erqg lqgh{dwlrq1 Wkh Yrofnhu0Juhhqvsdq prqhwdu| uhjlph kdv juhdwo| uhgxfhg
orqj0uxq xqfhuwdlqw| derxw lq dwlrq/ dqg kdv fruuhvsrqglqjo| uhgxfhg wkh ehqh�wv ri
holplqdwlqj lq dwlrq ulvn hqwluho|1

<Fdpsehoo dqg Vkloohu +4<<9, dovr hpskdvl}h wkh ehqh�wv ri lqgh{dwlrq wr orqj0uxq lqyhvwruv/ exw
wkh| gr qrw suhvhqw d irupdo zhoiduh dqdo|vlv ri wkh w|sh dwwhpswhg khuh1
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8 Erqg Ghpdqg lq wkh Suhvhqfh ri Htxlwlhv
Wkh uhdolvp ri wkh suhfhglqj dqdo|vlv lv olplwhg e| wkh idfw wkdw zh kdyh qrw doorzhg
lqyhvwruv wr krog htxlwlhv1 Zh qrz frqvlghu d vfhqdulr lq zklfk erwk erqgv dqg htxl0
wlhv duh dydlodeoh wr wkh lqyhvwru1 Wdeoh ; uhsruwv rswlpdo ghpdqgv iru htxlwlhv dqg iru
430|hdu lqgh{hg ru qrplqdo erqgv e| lqyhvwruv zkr duh xqfrqvwudlqhg +lq sdqho D, ru
vxemhfw wr eruurzlqj dqg vkruw0vdohv frqvwudlqwv +lq sdqho E,1 Iru vlpsolflw| zh gr qrw
doorz lqyhvwruv wr krog htxlwlhv dqg erwk w|shv ri orqj0whup erqgv vlpxowdqhrxvo|143

Lq d zruog zlwk ixoo lqgh{dwlrq/ wkh xqfrqvwudlqhg ghpdqg iru erwk orqj0whup
lqgh{hg erqgv dqg htxlwlhv lv srvlwlyh dqg riwhq deryh 433(/ lpso|lqj wkdw wkh lq0
yhvwru rswlpdoo| eruurzv wr �qdqfh sxufkdvhv ri htxlwlhv dqg lqgh{hg erqgv1 Wkh
sruwirolr vkduh ri lqgh{hg erqgv h{fhhgv wkdw ri htxlwlhv/ ghvslwh wkh kljkhu Vkdush
udwlr ri htxlwlhv/ ehfdxvh lqgh{hg erqgv duh pxfk ohvv ulvn| wkdq htxlwlhv144 Dv wkh
frh!flhqw ri uhodwlyh ulvn dyhuvlrq lqfuhdvhv/ wkh ghpdqgv iru erwk orqj0whup lqgh{hg
erqgv dqg htxlwlhv idoo/ exw wkh vkduh ri htxlwlhv idoov idvwhu1 Lq wkh olplw wkh lq�qlwho|
ulvn0dyhuvh lqyhvwru krogv d sruwirolr htxlydohqw wr dq lqgh{hg shushwxlw| dv zh kdyh
douhdg| glvfxvvhg1 Zkhq wkhuh duh eruurzlqj dqg vkruw0vdoh frqvwudlqwv/ lqyhvwruv
zlwk orz ulvn dyhuvlrq lqyhvw ixoo| lq htxlwlhv dv d zd| wr pd{lpl}h wkhlu ulvn dqg
h{shfwhg uhwxuq zlwkrxw xvlqj ohyhudjh/ zkloh pruh ulvn0dyhuvh lqyhvwruv krog erwk
lqgh{hg erqgv dqg htxlwlhv1 Fdvk sod|v rqo| d plqru uroh dqg rqo| lq wkh sruwirolrv
ri wkh prvw ulvn0dyhuvh lqyhvwruv/ zkr duh doprvw ixoo| lqyhvwhg lq lqgh{hg erqgv1

Lq d zruog zlwk qr lqgh{dwlrq/ erqgv sod| d pxfk vpdoohu uroh lq rswlpdo sruwir0
olrv1 Xqfrqvwudlqhg lqyhvwruv zlwk orz ulvn dyhuvlrq krog prghvw erqg srvlwlrqv/ exw
frqvwudlqhg lqyhvwruv krog rqo| htxlwlhv1 Dv ulvn dyhuvlrq lqfuhdvhv/ lqyhvwruv pryh
lqwr fdvk udwkhu wkdq orqj0whup qrplqdo erqgv1

Wkhvh �qglqjv duh uhodwhg wr wkh �dvvhw doorfdwlrq sx}}oh� ri Fdqqhu/ Pdqnlz/
dqg Zhlo +4<<:,1 Srsxodu lqyhvwphqw dgylvhuv riwhq vxjjhvw wkdw pruh frqvhuydwlyh
lqyhvwruv vkrxog kdyh d kljkhu udwlr ri orqj0whup erqgv wr vwrfnv lq wkhlu sruwirolrv1
Fdqqhu/ Pdqnlz/ dqg Zhlo srlqw rxw wkdw wklv lv lqfrqvlvwhqw zlwk wkh pxwxdo ixqg
wkhruhp ri vwdwlf sruwirolr dqdo|vlv/ dffruglqj wr zklfk ulvn dyhuvlrq vkrxog d�hfw

43Rxu vroxwlrq phwkrg idlov wr frqyhujh lq d ihz fdvhv zlwk yhu| orz ulvn dyhuvlrq dqg kljk hodvwlflw|
ri lqwhuwhpsrudo vxevwlwxwlrq1 Wklv fruuhvsrqgv wr d ylrodwlrq ri wkh wudqvyhuvdolw| frqglwlrq> zkhq
htxlwlhv duh dydlodeoh/ lqyhvwruv zlwk wkhvh suhihuhqfhv duh deoh wr dfklhyh d jurzwk udwh ri xwlolw|
wkdw h{fhhgv wkh wlph glvfrxqw udwh1

44D p|rslf lqyhvwru idflqj lqghshqghqw ulvnv doorfdwhv d vkduh wr hdfk ulvn wkdw lv sursruwlrqdo wr
lwv phdq glylghg e| lwv yduldqfh/ ru htxlydohqwo| lwv Vkdush udwlr glylghg e| lwv vwdqgdug ghyldwlrq1
Dowkrxjk htxlwlhv kdyh d kljkhu Vkdush udwlr wkdq lqgh{hg erqgv/ wkhlu vwdqgdug ghyldwlrq lv pxfk
kljkhu vr wkh rswlpdo htxlw| vkduh lv orzhu1
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rqo| wkh udwlr ri fdvk wr ulvn| dvvhwv dqg qrw wkh uhodwlyh zhljkwv rq gl�huhqw ulvn|
dvvhwv1

Rxu dqdo|vlv vkrzv wkdw vwdwlf sruwirolr dqdo|vlv fdq eh vhulrxvo| plvohdglqj zkhq
lqyhvwphqw rssruwxqlwlhv duh wlph0ydu|lqj dqg lqyhvwruv kdyh orqj wlph krul}rqv1 Wkh
sruwirolr doorfdwlrqv wr htxlwlhv dqg lqgh{hg erqgv lq Wdeoh ; duh vwulnlqjo| frqvlvwhqw
zlwk srsxodu lqyhvwphqw dgylfh1 Djjuhvvlyh orqj0whup lqyhvwruv vkrxog krog vwrfnv/
zkloh frqvhuydwlyh rqhv vkrxog krog orqj0whup erqgv dqg vpdoo dprxqwv ri fdvk1 Wkh
h{sodqdwlrq lv wkdw orqj0whup erqgv/ dqg qrw fdvk/ duh wkh ulvnohvv dvvhw iru orqj0whup
lqyhvwruv145

D zhdnqhvv lq wklv uhvroxwlrq ri wkh dvvhw doorfdwlrq sx}}oh lv wkdw lw dvvxphv wkdw
orqj0whup erqgv duh lqgh{hg/ ru htxlydohqwo|/ wkdw wkhuh lv qr lq dwlrq xqfhuwdlqw|1
Wkh sruwirolr doorfdwlrqv wr qrplqdo erqgv lq Wdeoh ; gr qrw fruuhvsrqg zhoo zlwk
srsxodu lqyhvwphqw dgylfh1 Lq rughu wr udwlrqdol}h wkh srsxodu lqyhvwphqw dgylfh
iru orqj0whup qrplqdo erqgv/ rqh pxvw dvvxph wkdw ixwxuh lqwhuhvw udwhv zloo eh
jhqhudwhg e| d gl�huhqw surfhvv wkdq wkh rqh hvwlpdwhg lq 4<85�<9/ d surfhvv zlwk
ohvv xqfhuwdlqw| derxw ixwxuh lq dwlrq146 Lqwhuhvwlqjo|/ zh kdyh hvwlpdwhg mxvw vxfk
d surfhvv ryhu wkh Yrofnhu0Juhhqvsdq vdpsoh shulrg 4<;60<91 Wdeoh < uhshdwv Wdeoh
; xvlqj rxu 4<;60<9 hvwlpdwhv dqg �qgv wkdw hyhq zkhq rqo| qrplqdo erqgv duh
dydlodeoh/ djjuhvvlyh orqj0whup lqyhvwruv vkrxog krog vwrfnv/ zkloh frqvhuydwlyh rqhv
vkrxog krog sulpdulo| orqj0whup qrplqdo erqgv dorqj zlwk vpdoo txdqwlwlhv ri vwrfnv147

Wkhvh uhvxowv vxssruw wkh frqyhqwlrqdo zlvgrp derxw rswlpdo sruwirolr fkrlfh iru
orqj0whup lqyhvwruv1

45Fdqqhu/ Pdqnlz/ dqg Zhlo duh dzduh ri wkh srwhqwldo lpsruwdqfh ri lqwhuwhpsrudo khgjlqj
ghpdqg iru wkh dvvhw doorfdwlrq sx}}oh1 Wkh| zulwh �Lq sulqflsoh/ lqwhuwhpsrudo khgjlqj ri wkh
vruw glvfxvvhg e| Phuwrq frxog srlqw lq wkh uljkw gluhfwlrq1111 Xqiruwxqdwho|/ wkh pdjqlwxgh ri wklv
h�hfw lv qrw hylghqw d sulrul/ dqg wkh hpslulfdo olwhudwxuh rq lqwhuwhpsrudo khgjlqj odjv idu ehklqg
wkh wkhruhwlfdo olwhudwxuh� +s1 4;:,1 Wklv sdshu dwwhpswv wr eulgjh wkh jds wkh| lghqwli| ehwzhhq
hpslulfdo dqg wkhruhwlfdo zrun rq lqwhuwhpsrudo khgjlqj1

46Fdqqhu/ Pdqnlz/ dqg Zhlo dujxh lq wkh QEHU Zrunlqj Sdshu yhuvlrq ri wkhlu sdshu +4<<7,
wkdw prqh| looxvlrq pljkw khos wr uhvroyh wkh dvvhw doorfdwlrq sx}}oh1 Krzhyhu wkh| frqvlghu prqh|
looxvlrq lq wkh frqwh{w ri vkruw0whup phdq0yduldqfh dqdo|vlv dqg gr qrw uhodwh lw wr lqwhuwhpsrudo
khgjlqj dv zh gr khuh1

47Gxulqj wkh 4<;60<9 shulrg wkh lqwhuhvw0udwh vhqvlwlylw| ri d 430|hdu lqgh{hg }hur0frxsrq erqg
lv frqvlghudeo| ohvv wkdq wkdw ri dq lqgh{hg shushwxlw|1 Wkhuhiruh dq lq�qlwho| ulvn0dyhuvh lqyhvwru
zrxog olnh wr krog d ohyhudjhg srvlwlrq lq 430|hdu lqgh{hg }hurv/ zklfk zdv qrw wkh fdvh lq rxu 4<850
<9 prgho1 Iru juhdwhu frpsdudelolw| zlwk wkdw prgho/ lq Wdeoh < zh uhsodfh wkh 430|hdu }hur0frxsrq
erqg zlwk d 530|hdu }hur0frxsrq erqg1 Wklv hqvxuhv wkdw wkh rswlpdo sruwirolr iru dq lq�qlwho|
ulvn0dyhuvh lqyhvwru lv dydlodeoh hyhq zkhq eruurzlqj dqg vkruw0vdohv frqvwudlqwv duh lpsrvhg1
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9 Frqfoxvlrq
Lq wklv sdshu zh kdyh vkrzq wkdw lqyhvwruv pd| krog orqj0whup erqgv iru wzr uhdvrqv1
Iluvw/ li orqj0whup erqgv r�hu d whup suhplxp wkhq lqyhvwruv pd| krog wkhp iru
vshfxodwlyh sxusrvhv/ wr lqfuhdvh wkhlu h{shfwhg sruwirolr uhwxuq hyhq dw wkh frvw ri
vrph h{wud vkruw0whup ulvn1 Wklv �p|rslf ghpdqg� iru orqj0whup erqgv fdq eh odujh
zkhq ulvn dyhuvlrq lv vpdoo/ ehfdxvh orqj0whup erqgv kdyh dwwudfwlyh Vkdush udwlrv1
Vhfrqg/ orqj0whup lqyhvwruv pd| krog orqj0whup erqgv iru khgjlqj sxusrvhv1 Orqj0
whup erqgv fdq �qdqfh d vwdeoh orqj0uxq frqvxpswlrq vwuhdp hyhq lq wkh idfh ri
wlph0ydu|lqj vkruw0whup lqwhuhvw udwhv/ dqg wklv lv dwwudfwlyh wr ulvn0dyhuvh orqj0whup
lqyhvwruv1 Lq wkh h{wuhph fdvhv zkhuh wkhuh lv qr whup suhplxp/ ru zkhuh lqyhvwruv
duh lq�qlwho| ulvn0dyhuvh/ wkh p|rslf ghpdqg iru orqj0whup erqgv lv }hur dqg doo erqg
ghpdqg lv dffrxqwhg iru e| wkh khgjlqj ghpdqg1

Zh kdyh vkrzq wkdw lqgh{hg erqgv duh sduwlfxoduo| vxlwdeoh iru khgjlqj sxusrvhv/
ehfdxvh wkh| gr qrw lpsrvh h{wudqhrxv lq dwlrq ulvn rq orqj0whup lqyhvwruv vhhnlqj
d vwdeoh uhdo frqvxpswlrq sdwk1 Zkhq orqj0whup lqgh{hg erqgv duh dydlodeoh/ dq
lq�qlwho| ulvn0dyhuvh orqj0whup lqyhvwru zlwk }hur lqwhuwhpsrudo hodvwlflw| ri vxevwlwx0
wlrq krogv d erqg sruwirolr wkdw lv htxlydohqw wr dq lqgh{hg shushwxlw|1 Wkh lqgh{hg
shushwxlw| lv wkh ulvnohvv dvvhw iru d orqj0whup lqyhvwru/ vlqfh lw �qdqfhv d frqvwdqw
frqvxpswlrq vwuhdp iruhyhu1 Zkhq rqo| qrplqdo erqgv duh dydlodeoh/ kljko| ulvn0
dyhuvh lqyhvwruv vkruwhq wkhlu erqg sruwirolrv lq rughu wr uhgxfh wkhlu h{srvxuh wr
lq dwlrq ulvn1 Ohvv ulvn0dyhuvh lqyhvwruv krog orqj0whup qrplqdo erqgv iru vshfxodwlyh
sxusrvhv li wkhuh lv d srvlwlyh lq dwlrq ulvn suhplxp1

Zh kdyh h{whqghg rxu dssurdfk wr vroyh wkh lqwhuwhpsrudo sruwirolr fkrlfh sure0
ohp lpsrvlqj vkruw0vdoh dqg eruurzlqj frqvwudlqwv1 Wklv lv srvvleoh ehfdxvh rxu
vroxwlrq wdnhv wkh vdph irup dv wkh vroxwlrq wr d vwdwlf sruwirolr fkrlfh sureohp
iru zklfk vwdqgdug phdq0yduldqfh dqdo|vlv lv dssursuldwh1 Wkhuhiruh zh fdq vroyh rxu
frqvwudlqhg sureohp xvlqj phwkrgv wkdw kdyh ehhq ghyhorshg wr vroyh vwdwlf sureohpv
zlwk sruwirolr frqvwudlqwv1

Rxu frqvwudlqhg vroxwlrq hqdeohv xv wr vwxg| wkh zhoiduh h�hfwv ri erqg lqgh{dwlrq
lq d uhdolvwlf iudphzrun1 Zkhq sruwirolr frqvwudlqwv duh lq sodfh/ dqg erwk qrplqdo
dqg lqgh{hg erqgv duh dydlodeoh wr lqyhvwruv/ pruh frqvhuydwlyh lqyhvwruv krog lq wkhlu
sruwirolrv uhodwlyho| pruh lqgh{hg erqgv wkdq qrplqdo erqgv1 Wkhvh lqyhvwruv ehqh�w
vxevwdqwldoo| iurp wkh frqvxpswlrq lqvxudqfh surylghg e| orqj0whup lqgh{hg erqgv1

Zh kdyh dovr vwxglhg wkh ghpdqg iru erqgv zkhq htxlwlhv duh dydlodeoh dv dq
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dowhuqdwlyh lqyhvwphqw1 Zh �qg wkdw wkh udwlr ri erqgv wr vwrfnv lq wkh rswlpdo
sruwirolr lqfuhdvhv zlwk ulvn dyhuvlrq/ yhu| pxfk lq olqh zlwk srsxodu lqyhvwphqw
dgylfh exw frqwudu| wr wkh pxwxdo ixqg wkhruhp ri vwdwlf sruwirolr dqdo|vlv1 Krzhyhu
wkh ghpdqg iru orqj0whup erqgv lv rqo| odujh zkhq wkhvh erqgv duh lqgh{hg/ ru zkhq
lq dwlrq xqfhuwdlqw| lv orz dv lw kdv ehhq lq wkh Yrofnhu0Juhhqvsdq prqhwdu| srolf|
uhjlph vlqfh 4<;61

Rxu dssurdfk fdq eh h{whqghg lq vhyhudo zd|v1 Zh fdq h{soruh dowhuqdwlyh whup0
vwuxfwxuh prghov/ dgglqj idfwruv ru doorzlqj iru fkdqjlqj lqwhuhvw0udwh yrodwlolw|1 D
sduwlfxoduo| wudfwdeoh srvvlelolw| lv d glvfuhwh0wlph yhuvlrq ri wkh Fr{/ Lqjhuvroo/ dqg
Urvv +4<;8, prgho/ lq zklfk lqwhuhvw0udwh yrodwlolw| ulvhv zlwk wkh ohyho ri wkh lqwhuhvw
udwh1 Vlqfh whup suhpld dqg erqg uhwxuq yduldqfhv pryh lq sursruwlrq wr rqh dqrwkhu/
wklv prgho gholyhuv frqvwdqw sruwirolr doorfdwlrqv1

Zh fdq frqvlghu wkh h�hfw ri lqyhvwruv* krul}rqv pruh h{solflwo| e| vroylqj d
�qlwh0krul}rq yhuvlrq ri rxu prgho/ ru e| ydu|lqj wkh wlph glvfrxqw idfwru B1 Lq d
prgho zlwk d frqvwdqw suredelolw| ri ghdwk hdfk shulrg/ dq lqyhvwru zlwk d kljk ghdwk
suredelolw| kdv d orz B1 Rxu prgho suhglfwv wkdw wklv lqyhvwru kdv d kljk rswlpdo
frqvxpswlrq0zhdowk udwlr/ d orz ydoxh iru wkh orj0olqhdul}dwlrq sdudphwhu 4/ dqg dq
rswlpdo sruwirolr wkdw lv forvh wr wkh rswlpdo sruwirolr iru d p|rslf vlqjoh0shulrg
lqyhvwru1

Zh fdq doorz iru pxowlsoh frqvxpswlrq jrrgv/ dqg frqvlghu dvvhwv wkdw duh lqgh{hg
wr wkh sulfh ri rqh ri wkhvh jrrgv1 D krxvh/ iru h{dpsoh/ fdq eh uhjdughg dv dq dvvhw
wkdw gholyhuv d frqvwdqw  rz ri krxvlqj vhuylfhv/ lq wkh vdph zd| wkdw dq lqgh{hg
erqg gholyhuv d frqvwdqw  rz ri frqvxpswlrq1 Wklv shuvshfwlyh pljkw h{sodlq zk|
frqvhuydwlyh lqyhvwruv duh zloolqj wr rzq krxvhv ghvslwh wkh vkruw0uxq yduldelolw| ri
krxvh sulfhv +Iodylq dqg \dpdvklwd 4<<;,1

Rxu dqdo|vlv dovr kdv lqwhuhvwlqj lpsolfdwlrqv iru wkh ghvljq ri shqvlrq sodqv
dqg dqqxlwlhv1 Rxu uhvxowv vxjjhvw wkdw frqvhuydwlyh lqyhvwruv vkrxog idyru lqgh{hg
gh�qhg0ehqh�w sodqv/ zkloh pruh ulvn0wrohudqw lqyhvwruv pd| eh zloolqj wr dffhsw vrph
lq dwlrq ru htxlw| ulvn lq wkhlu uhwluhphqw lqfrph lq h{fkdqjh iru kljkhu dyhudjh sd|0
phqwv1

Rxu xowlpdwh jrdo lv wr exlog d pruh ixoo| uhdolvwlf prgho ri sruwirolr fkrlfh e|
frpelqlqj wkh uhvxowv lq vhyhudo ri rxu uhfhqw sdshuv1 Wklv sdshu h{soruhv wkh h�hfwv
ri lqwhuhvw0udwh ulvn rq orqj0whup sruwirolr fkrlfh/ zkloh Fdpsehoo dqg Ylfhlud +4<<<,
vwxglhv wlph0yduldwlrq lq wkh htxlw| suhplxp/ dqg Ylfhlud +4<<:, frqvlghuv xqlqvxu0
deoh ulvn lq oderu lqfrph1 D frpsohwh prgho dffrxqwlqj iru doo wkhvh h�hfwv r�huv wkh
h{flwlqj survshfw wkdw �qdqfldo hfrqrplvwv zloo dw odvw eh deoh wr r�hu uhdolvwlf exw
vflhqwl�fdoo| jurxqghg lqyhvwphqw dgylfh1
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: Uhihuhqfhv
Edfnxv/ Gdylg/ 4<<6/ �Fr{0Lqjhuvroo0Urvv lq Glvfuhwh Wlph�/ xqsxeolvkhg sdshu/

Qhz \run Xqlyhuvlw|/ Qhz \run/ Q\1

Edogx}}l/ Shuoxljl dqg Dqwkrq| O|qfk/ 4<<:/ �Wkh Lpsdfw ri Suhglfwdelolw| dqg
Wudqvdfwlrq Frvwv rq Sruwirolr Fkrlfh lq d Pxowlshulrg Vhwwlqj�/ xqsxeolvkhg
sdshu/ Ervwrq Froohjh/ Ervwrq/ PD dqg Qhz \run Xqlyhuvlw|/ Qhz \run/ Q\1

Eduehulv/ Qlfkrodv F1/ 4<<;/ �Krz Elj Duh Khgjlqj GhpdqgvB Hylghqfh iurp Orqj0
Krul}rq Dvvhw Doorfdwlrq�/ iruwkfrplqj Mrxuqdo ri Ilqdqfh1

Ehudugl/ Dqguhd/ 4<<:/ �Whup Vwuxfwxuh/ Qrq0Qhxwudo Lq dwlrq/ dqg Hfrqrplf Jurzwk=
D Wkuhh0Idfwru Prgho�/ xqsxeolvkhg sdshu/ Orqgrq Exvlqhvv Vfkrro/ Orqgrq/
XN1

Erglh/ ]yl/ Doh{ Ndqh/ dqg Urehuw PfGrqdog/ 4<;8/ �Lq dwlrq dqg wkh Uroh ri
Erqgv lq Lqyhvwru Sruwirolrv�/ lq Ehqmdplq P1 Iulhgpdq hg1 Frusrudwh Fdslwdo
Vwuxfwxuhv lq wkh Xqlwhg Vwdwhv/ Xqlyhuvlw| ri Fklfdjr Suhvv/ Fklfdjr/ LO1

Eudqgw/ Plfkdho/ 4<<;/ �Hvwlpdwlqj Sruwirolr dqg Frqvxpswlrq Fkrlfh= D Frqgl0
wlrqdo Hxohu Htxdwlrqv Dssurdfk�/ iruwkfrplqj Mrxuqdo ri Ilqdqfh1

Euhqqdq/ Plfkdho M1/ Hgxdugr V1 Vfkzduw}/ dqg Urqdog Odjqdgr/ 4<<9/ �Wkh Xvh ri
Wuhdvxu| Eloo Ixwxuhv lq Vwudwhjlf Dvvhw Doorfdwlrq Surjudpv�/ IlqdqfhZrunlqj
Sdshu :0<9/ Dqghuvrq Judgxdwh Vfkrro ri Pdqdjhphqw/ XFOD/ Orv Dqjhohv/
FD1

Euhqqdq/ Plfkdho M1/ Hgxdugr V1 Vfkzduw}/ dqg Urqdog Odjqdgr/ 4<<:/ �Vwudwhjlf
Dvvhw Doorfdwlrq�/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro 54/ 46::�47361

Fdpsehoo/ Mrkq \1/ 4<<6/ �Lqwhuwhpsrudo Dvvhw Sulflqj zlwkrxw Frqvxpswlrq Gdwd�/
Dphulfdq Hfrqrplf Uhylhz ;6/ 7;:�8451

Fdpsehoo/ Mrkq \1/ 4<<;/ �Dvvhw Sulfhv/ Frqvxpswlrq/ dqg wkh Exvlqhvv F|foh�/
QEHU Zrunlqj Sdshu Qr1 97;8/ QEHU/ Fdpeulgjh/ PD1

Fdpsehoo/ Mrkq \1/ DqguhzZ1 Or dqg D1 Fudlj PdfNlqod|/ 4<<:/ Wkh Hfrqrphwulfv
ri Ilqdqfldo Pdunhwv/ Sulqfhwrq Xqlyhuvlw| Suhvv/ Sulqfhwrq/ QM1
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Fdpsehoo/ Mrkq \1 dqg K|hqj Nhxq Nrr/ 4<<:/ �D Frpsdulvrq ri Qxphulfdo dqg
Dqdo|wlfdo Dssur{lpdwh Vroxwlrqv wr dq Lqwhuwhpsrudo Frqvxpswlrq Fkrlfh
Sureohp�/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro 54/ 5:6�5<81

Fdpsehoo/ Mrkq \1 dqg Urehuw M1 Vkloohu/ 4<<9/ �D Vfruhfdug iru Lqgh{hg Jryhuq0
phqw Ghew�/ lq Ehq V1 Ehuqdqnh dqg Mxolr Urwhpehuj hgv1 QEHU Pdfurhfr0
qrplfv Dqqxdo 4<<9/ PLW Suhvv/ Fdpeulgjh/ PD1

Fdpsehoo/ Mrkq \1 dqg Oxlv P1 Ylfhlud/ 4<<</ �Frqvxpswlrq dqg Sruwirolr Ghflvlrqv
zkhq H{shfwhg Uhwxuqv duh Wlph Ydu|lqj�/ iruwkfrplqj Txduwhuo| Mrxuqdo ri
Hfrqrplfv1

Fdqqhu/ Qlnr/ Q1 Juhjru| Pdqnlz/ dqg Gdylg Q1 Zhlo/ 4<<7/ �Dq Dvvhw Doorfdwlrq
Sx}}oh�/ QEHU Zrunlqj Sdshu Qr1 7;8:/ QEHU/ Fdpeulgjh/ PD1

Fdqqhu/ Qlnr/ Q1 Juhjru| Pdqnlz/ dqg Gdylg Q1 Zhlo/ 4<<:/ �Dq Dvvhw Doorfdwlrq
Sx}}oh�/ Dphulfdq Hfrqrplf Uhylhz ;:/ 4;4�4<41

Fodulgd/ Ulfkdug/ Mrugl Jdol/ dqg Pdun Jhuwohu/ 4<<;/ �Prqhwdu| Srolf| Uxohv dqg
Pdfurhfrqrplf Vwdelolw|= Hylghqfh dqg Vrph Wkhru|�/ QEHU Zrunlqj Sdshu
Qr1 9775/ QEHU/ Fdpeulgjh/ PD1

Fr{/ Mrkq F1 dqg Fkl0ix Kxdqj/ �Rswlpdo Frqvxpswlrq dqg Sruwirolr Srolflhv zkhq
Dvvhw Sulfhv Iroorz d Gl�xvlrq Surfhvv�/ Mrxuqdo ri Hfrqrplf Wkhru| 6</ 66�
;61

Fr{/ Mrkq F1/ Mrqdwkdq H1 Lqjhuvroo/ Mu1/ dqg Vwhskhq D1 Urvv/ 4<;8/ �D Wkhru| ri
wkh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv�/ Hfrqrphwulfd 86/ 6;8�73:1

Fylwdql�f/ M1 dqg L1 Ndudw}dv/ 4<<5/ �Frqyh{ Gxdolw| lq Frqvwudlqhg Sruwirolr Rswl0
pl}dwlrq�/ Dqqdov ri Dssolhg Suredelolw| 5/ :9:0;4;1

Gdl/ Tldqj dqg Nhqqhwk M1 Vlqjohwrq/ 4<<:/ �Vshfl�fdwlrq Dqdo|vlv ri D!qh Whup
Vwuxfwxuh Prghov�/ xqsxeolvkhg sdshu/ Vwdqirug Xqlyhuvlw|/ Vwdqirug/ FD1

Gx!h/ Gduuhoo dqg Uxl Ndq/ 4<<9/ �D \lhog0Idfwru Prgho ri Lqwhuhvw Udwhv�/ Pdwk0
hpdwlfdo Ilqdqfh 6:<07391

Hsvwhlq/ Odzuhqfh dqg Vwdqoh| ]lq/ 4<;</ �Vxevwlwxwlrq/ Ulvn Dyhuvlrq/ dqg wkh
Whpsrudo Ehkdylru ri Frqvxpswlrq dqg Dvvhw Uhwxuqv= D Wkhruhwlfdo Iudph0
zrun�/ Hfrqrphwulfd 8:/ <6:�9<1
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Hsvwhlq/ Odzuhqfh dqg Vwdqoh| ]lq/ 4<<4/ �Vxevwlwxwlrq/ Ulvn Dyhuvlrq/ dqg wkh
Whpsrudo Ehkdylru ri Frqvxpswlrq dqg Dvvhw Uhwxuqv= Dq Hpslulfdo Lqyhvwl0
jdwlrq�/ Mrxuqdo ri Srolwlfdo Hfrqrp| <</ 596�5;91

Ilvfkhu/ Vwdqoh|/ 4<:8/ �Wkh Ghpdqg iru Lqgh{ Erqgv�/ Mrxuqdo ri Srolwlfdo Hfrq0
rp| ;6/ 83<�8671

Iodylq/ Pdumrulh dqg Wdndvkl \dpdvklwd/ 4<<;/ �Rzqhu0Rffxslhg Krxvlqj dqg wkh
Frpsrvlwlrq ri wkh Krxvhkrog Sruwirolr�/ QEHU Zrunlqj Sdshu Qr1 96;</
QEHU/ Fdpeulgjh/ PD1

Iruhvl/ Vloyhulr/ Dohvvdqgur Shqdwl/ dqg Jhrujh Shqqdffkl/ 4<<:/ �Lqgh{hg Erqgv
dqg wkh Lq dwlrq Ulvn Suhplxp�/ xqsxeolvkhg sdshu/ Xqlyhuvlw| ri Loolqrlv/
Fkdpsdljq/ LO1

Jleerqv/ Plfkdho U1 dqg Nulvkqd Udpdvzdp|/ 4<<6/ �D Whvw ri wkh Fr{/ Lqjhuvroo/
dqg Urvv Prgho ri wkh Whup Vwuxfwxuh�/Uhylhz ri Ilqdqfldo Vwxglhv 9/ 94<�98;1

Jlrydqqlql/ Doehuwr dqg Sklolssh Zhlo/ 4<;</ �Ulvn Dyhuvlrq dqg Lqwhuwhpsrudo
Vxevwlwxwlrq lq wkh Fdslwdo Dvvhw Sulflqj Prgho�/ QEHU Zrunlqj Sdshu 5;57/
Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk/ Fdpeulgjh/ PD1

Jrqj/ Iudqn I1 dqg Hol P1 Uhprorqd/ 4<<9d/ �Lq dwlrq Ulvn lq wkh XV \lhog Fxuyh=
Wkh Xvhixoqhvv ri Lqgh{hg Erqgv�/ xqsxeolvkhg sdshu/ Ihghudo Uhvhuyh Edqn
ri Qhz \run/ Qhz \run/ Q\1

Jrqj/ Iudqn I1 dqg Hol P1 Uhprorqd/ 4<<9e/ �D Wkuhh0Idfwru Hfrqrphwulf Prgho
ri wkh XV Whup Vwuxfwxuh�/ xqsxeolvkhg sdshu/ Ihghudo Uhvhuyh Edqn ri Qhz
\run/ Qhz \run/ Q\1

Kdqvhq/ Oduv S1 dqg Udyl Mdjdqqdwkdq/ 4<<4/ �Uhvwulfwlrqv rq Lqwhuwhpsrudo Pdujlqdo
Udwhv ri Vxevwlwxwlrq Lpsolhg e| Dvvhw Uhwxuqv�/ Mrxuqdo ri Srolwlfdo Hfrqrp|
<</ 55805951

Kduyh|/ Dqguhz F1/ 4<;</ Iruhfdvwlqj/ Vwuxfwxudo Wlph Vhulhv/ dqg wkh Ndopdq
Ilowhu/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh/ XN1

Klfnv/ Mrkq/ 4<79/ Ydoxh dqg Fdslwdo +5qg hg1,/ R{irug Xqlyhuvlw| Suhvv/ R{irug/
XN1

Nh|qhv/ Mrkq P1/ 4<63/ D Wuhdwlvh rq Prqh|/ Yro1 LL/ Kdufrxuw/ Eudfh/ dqg Fr1

6:



Nlp/ Wrqj Vxn dqg Hgzdug Rpehuj/ 4<<9/ �G|qdplf Qrqp|rslf Sruwirolr Ehkdy0
lru�/ Uhylhz ri Ilqdqfldo Vwxglhv </ 474�4941

Odqjhwlhj/ Whuhqfh/ 4<;3/ �D Pxowlyduldwh Prgho ri wkh Whup Vwuxfwxuh�/ Mrxuqdo
ri Ilqdqfh 68/ :4�<:1

Oxw}/ Iuhghulfn/ 4<73/ �Wkh Vwuxfwxuh ri Lqwhuhvw Udwhv�/ Txduwhuo| Mrxuqdo ri Hfr0
qrplfv 88/ 69�961

PfFxoorfk/ M1 Kxvwrq dqg Khrq0Fkxo Nzrq/ 4<<6/ �X1V1 Whup Vwuxfwxuh Gdwd 4<7:�
4<<4�/ Zrunlqj Sdshu <609/ Rklr Vwdwh Xqlyhuvlw|1

Phuwrq/ Urehuw F1/ 4<9</ �Olihwlph Sruwirolr Vhohfwlrq Xqghu Xqfhuwdlqw|= Wkh
Frqwlqxrxv Wlph Fdvh�/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv 84/ 57:�58:1

Phuwrq/ Urehuw F1/ 4<:4/ �RswlpxpFrqvxpswlrq dqg Sruwirolr Uxohv lq d Frqwlqxrxv0
Wlph Prgho�/ Mrxuqdo ri Hfrqrplf Wkhru| 6/ 6:6�7461

Phuwrq/ Urehuw F1/ 4<:6/ �Dq Lqwhuwhpsrudo Fdslwdo Dvvhw Sulflqj Prgho�/ Hfrqr0
phwulfd 74/ ;9:�;:1

Phuwrq/ Urehuw F1/ 4<<3/ Frqwlqxrxv Wlph Ilqdqfh/ Edvlo Eodfnzhoo/ Fdpeulgjh/
PD1

Prgljoldql/ Iudqfr dqg Ulfkdug Vxwfk/ 4<99/ �Lqqrydwlrqv lq Lqwhuhvw Udwh Srolf|�/
Dphulfdq Hfrqrplf Uhylhz 89/ 4:;�4<:1

Shqqdffkl/ Jhrujh/ 4<<4/ �Lghqwli|lqj wkh G|qdplfv ri Uhdo Lqwhuhvw Udwhv dqg
Lq dwlrq= Hylghqfh Xvlqj Vxuyh| Gdwd�/ Uhylhz ri Ilqdqfldo Vwxglhv 7/ 86�;91

Uhvwr|/ Ihuqdqgr/ 4<<5/ �Rswlpdo Sruwirolr Srolflhv Xqghu Wlph0Ghshqghqw Uh0
wxuqv�/ Edqn ri Vsdlq Zrunlqj Sdshu <53:/ Edqn ri Vsdlq/ Pdgulg/ Vsdlq1

Vdpxhovrq/ Sdxo D1/ 4<9</ �Olihwlph Sruwirolr Vhohfwlrq e| G|qdplf Vwrfkdvwlf Sur0
judpplqj�/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv 84/ 56<�5791

Vkloohu/ Urehuw M1/ 4<:</ �Wkh Yrodwlolw| ri Orqj0Whup Lqwhuhvw Udwhv dqg H{shfwd0
wlrqv Prghov ri wkh Whup Vwuxfwxuh�/ Mrxuqdo ri Srolwlfdo Hfrqrp| ;:/ 44<3�
454<1

Vkloohu/ Urehuw M1/ 4<;5/ �Frqvxpswlrq/ Dvvhw Pdunhwv/ dqg Pdfurhfrqrplf Ioxf0
wxdwlrqv�/ Fduqhjlh Urfkhvwhu Frqihuhqfh Vhulhv rq Sxeolf Srolf| 4:/ 536�56;1
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Vkloohu/ Urehuw M1/ 4<<3/ �Wkh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv�/ lq Ehq Iulhg0
pdq dqg Iudqn Kdkq hgv1 Kdqgerrn ri Prqhwdu| Hfrqrplfv/ Qruwk0Kroodqg/
Dpvwhugdp/ Wkh Qhwkhuodqgv1

Vlqjohwrq/ Nhqqhwk M1/ 4<<3/ �Vshfl�fdwlrq dqg Hvwlpdwlrq ri Lqwhuwhpsrudo Dvvhw
Sulflqj Prghov�/ lq Ehq Iulhgpdq dqg Iudqn Kdkq hgv1 Kdqgerrn ri Prqhwdu|
Hfrqrplfv/ Qruwk0Kroodqg/ Dpvwhugdp/ Wkh Qhwkhuodqgv1

Vxq/ Wrqj0vkhqj/ 4<<5/ �Uhdo dqg Qrplqdo Lqwhuhvw Udwhv= D Glvfuhwh0Wlph Prgho
dqg Lwv Frqwlqxrxv0Wlph Olplw�/ Uhylhz ri Ilqdqfldo Vwxglhv 8/ 8;4�9441

Whsoã/ Oxflh/ 4<<:/ �Rswlpdo Sruwirolr Srolflhv zlwk Eruurzlqj dqg Vkruwvdoh Frq0
vwudlqwv�/ pdqxvfulsw/ Vwdqirug Xqlyhuvlw|/ Vwdqirug/ FD1

Ydvlfhn/ Rogulfk/ 4<::/ �Dq Htxloleulxp Fkdudfwhul}dwlrq ri wkh Whup Vwuxfwxuh�/
Mrxuqdo ri Ilqdqfldo Hfrqrplfv 8/ 4::�4;;1

Yldug/ Dodq G1/ 4<<6/ �Wkh Zhoiduh Jdlq iurp wkh Lqwurgxfwlrq ri Lqgh{hg Erqgv�/
Mrxuqdo ri Prqh|/ Fuhglw/ dqg Edqnlqj 58/ 945�95;1

Ylfhlud/ Oxlv P1/ 4<<:/ �Rswlpdo Sruwirolr Fkrlfh iru Orqj0Krul}rq Lqyhvwruv zlwk
Qrqwudgdeoh Oderu Lqfrph�/ xqsxeolvkhg sdshu/ Kduydug Xqlyhuvlw|/ Fdp0
eulgjh/ PD1

Zhlo/ Sklolssh/ 4<;</ �Wkh Htxlw| Suhplxp Sx}}oh dqg wkh Ulvn0Iuhh Udwh Sx}}oh�/
Mrxuqdo ri Prqhwdu| Hfrqrplfv 57/ 734�7541
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; Dsshqgl{
D1 Sulflqj Qrplqdo Erqgv

Wkh sulflqj ri ghidxow0iuhh qrplqdo erqgv iroorzv wkh vdph vwhsv dv wkh sulflqj ri
lqgh{hg erqgv1 Wkh uhohydqw vwrfkdvwlf glvfrxqw idfwru wr sulfh qrplqdo erqgv lv wkh
qrplqdo VGI�m

|n�/ zkrvh orj lv jlyhq e| +43,= 6
m
|n� ' 6|n��Z|n�1 Vlqfh erwk �|n�

dqg �|n� duh mrlqwo| orjqrupdo dqg krprvnhgdvwlf/ �m
|n� lv dovr orjqrupdo1 Wkh orj

qrplqdo uhwxuq rq d rqh0shulrg qrplqdo erqg lv om�c|n� ' � *L} , |d�|n�o/ ru

om�c|n� ' �,|

k
6m

|n�

l
� �

2
V@h|

k
6m

|n�

l

' %| n 5| � �

2

k
Eq6% n qZ%� 2j

2
% n q2Z5j

2
5 n E� n qZ6�

2 j26 n j2Z
l
c +7:,

d olqhdu frpelqdwlrq ri wkh h{shfwhg orj uhdo VGI dqg h{shfwhg lq dwlrq1
Wkh ulvn suhplxp rq d 40shulrg qrplqdo erqg ryhu d 40shulrg uhdo erqg fdq eh

zulwwhq dv

,|

k
om�c|n� � Z|n� � o�c|n�

l
n

�

2
V@h| dZ|n�o ' �q6%qZ%j

2
% � qZ6j

2
6c +7;,

zklfk kdv wkh vdph irup dv htxdwlrq +7, iru htxlwlhv1
Wkh orj sulfh ri dq ?0shulrg qrplqdo erqg/ Rm?c|/ dovr kdv dq d!qh vwuxfwxuh1 Lw lv

d olqhdu frpelqdwlrq ri %| dqg 5| zkrvh frh!flhqwv duh wlph0lqyduldqw/ wkrxjk wkh|
ydu| zlwk wkh pdwxulw| ri wkh erqg1 Dv vkrzq lq htxdwlrq +44,/�Rm?c| ' �m

?n�m
�c?%|n

�m
2c?5|czkhuh

�m
�c? ' � n �%�

m
�c?3� '

�� �?%
�� �%

�m
2c? ' � n �5�

m
2c?3� '

�� �?5
�� �5

�m
? ��m

?3� ' E�� �%�>%�
m
�c?3� n E�� �5�>5�

m
2c?3�

��

2

�
q6% n qZ% n�m

�c?3� n q5%�
m
2c?3�

�2
j2%

��

2

�
qZ5 n�m

2c?3�

�2
j25 �

�

2
E� n qZ6 n q56�

2 j26 +7<,

��

2
j2Zc
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dqg �m
f ' �m

�cf ' �m
2cf ' f1

Wkh h{fhvv uhwxuq rq d ?0shulrg erqg ryhu wkh rqh0shulrg orj qrplqdo lqwhuhvw
udwh lv

om?c|n� � om�c|n� ' Rm?3�c|n� � Rm?c| n Rm�c|

' �
�
�m
�c?3� n�m

2c?3�q5%

�
Eq6% n qZ%� j

2
% ��m

2c?3�qZ5j
2
5 � E� n qZ6� q56j

2
6

��

2

�
�m
�c?3� n�m

2c?3�q5%

�
2j2% �

�

2

�
�m
2c?3�

�2
j25 �

�

2
q256j

2
6

�
�
�m
�c?3� n�m

2c?3�q5%

�
0%c|n� ��m

2c?3�q5606c|n� ��m
2c?3�05c|n�� +83,

Wkh whupv lq �m
2c?3�q5% dqg �m

2c?3�q56 dulvh ehfdxvh vkrfnv wr h{shfwhg lq dwlrq duh
fruuhodwhg zlwk vkrfnv wr wkh h{shfwhg dqg xqh{shfwhg orj uhdo VGI1 Wkxv ulvn suhpld
lq wkh qrplqdo whup vwuxfwxuh duh gl�huhqw iurp ulvn suhpld lq wkh uhdo whup vwuxfwxuh
ehfdxvh wkh| lqfoxgh frpshqvdwlrq iru lq dwlrq ulvn1 Olnh uhdo ulvn suhpld/ krzhyhu/
qrplqdo ulvn suhpld duh frqvwdqw ryhu wlph1

E1 Vroxwlrq ri wkh Prgho

Rxu jxhvv +59, dqg wkh h{suhvvlrq iru wkh orj h{fhvv uhwxuq rq wkh orqj0whup
erqg jlyhq lq htxdwlrq +;, lpso| wkdw �L�| Eo?c|n�c S|n� � �|n�� ' ��?3�K�j

2
%1 Rxu

whup vwuxfwxuh prgho lpsolhv wkdw ,|do?c|n� � o�c|n�o ' ��2
?3�j

2
%*2� q6%�?3�j

2
% dqg

V@h|Eo?c|n�� ' �2
?3�j

2
%1 Vxevwlwxwlqj wkhvh h{suhvvlrqv lqwr +58, zh rewdlq=

k?c| ' k? '
��

��?3�

#
q6% n

�� �

�� �
K�

$
c +84,

zklfk grhv qrw ghshqg rq wkh ixwxuh sruwirolr dqg frqvxpswlrq fkrlfhv ri wkh lqyhvwru1
Jlyhq wkh rswlpdo sruwirolr uxoh +84, zh fdq qrz vroyh iru wkh sdudphwhuv Kf dqg

K� ri wkh frqvxpswlrq uxoh1 Wkh h{shfwhg uhwxuq rq wkh zhdowk sruwirolr lv d olqhdu
ixqfwlrq ri wkh vwdwh yduldeoh=

,| doRc|n�o ' Rf n %|c +85,

zkhuh wkh lqwhufhsw

Rf � �Ek?�?3��Eq6%j
2
%�� Ek?�?3��

2j2%*2� Eq26%j
2
% n j26�*2 +86,

grhv qrw ydu| zlwk | ru ?1 Wkh frqvxpswlrq lqwhufhsw whup jlyhq lq +54, ehfrphv

�Rc| ' �R � �EE�� ��*E�� ���dK� � E�� ��Ek?�?3��o
2j2%*2c +87,
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zklfk dovr grhv qrw ydu| zlwk | ru ?1
Vxevwlwxwlqj +85,/ +86,/ dqg +87, lqwr +53,/ zh jhw d olqhdu h{shfwdwlrqdo gl�huhqfh

htxdwlrq iru ES| � �|�/

S| � �| ' 4,| dS|n� � �|n�o n 4 E�� ��%| � 4 dE�� �� Rf � � *L} B � �R n &o c +88,

iurp zklfk zh fdq lghqwli| wkh frh!flhqwv ri wkh frqvxpswlrq uxoh1

F1 Wkh Fr{0Kxdqj phwkrg zlwk uhfxuvlyh xwlolw|

Zlwk uhfxuvlyh xwlolw| wkh rswlpdo lqyhvwhg zhdowk0frqvxpswlrq udwlr vdwlv�hv

�
` W

|

�|

�w

' ,|

5
7#� n ` W

|n�

�|n�

$w

Bw
�
�|n�

�|

�wE�3 �

� �
6
8 � +89,

Wkh frqvxphu*v LPUV lv qrz BwE�|n�*�|�
3w*�-w

Rc|n�/ zklfk xqghu frpsohwh pdunhwv
pxvw htxdo wkh VGI �|n�/ vr wkdw

Bw
�
�|n�

�|

�wE�3 �

��
' Bw���3�

|n� -
E�3w�E�3��
Rc|n� c +8:,

dqg zh fdq uhzulwh +89, dv

�
` W

|

�|

�w

' ,|

5
7#� n ` W

|n�

�|n�

$w

Bw���3�
|n� -

E�3w�E�3��
Rc|n�

6
8 � +8;,

Zh fdq orjolqhdul}h wklv htxdwlrq lq d vlplodu idvklrq wr +67, dqg rewdlq d olqhdu
h{shfwdwlrqdo gl�huhqfh iru wkh orj frqvxpswlrq0zhdowk udwlr zkrvh vroxwlrq lv h{dfwo|
wkh vdph dv wkh rqh zh rewdlq xvlqj rxu Hxohu0htxdwlrq phwkrgrorj|1
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WDEOH 4

Whup Vwuxfwxuh Prgho Hvwlpdwlrq

4<851L 0 4<<91LLL 4<;61L 0 4<<91LLL

Sdudphwhu hvw1 v1h1 hvw1 v1h1

�{ 313953 313458 3134<9 313634

�} 313433 3133;:

!{ 31;:35 3133:3 31<;93 3133:3

!} 31<<;8 313343 31;993 313675

�p{ 0433186:7 4<1:769 064139<3 47316653

�}{ 313878 313787 0316<<7 31775;

�}p 0313345 313337 313339 31334:

��{ 31<<7: 315:5; 03134:8 314;;7

��p 0313436 31335: 313349 3133:;

��} 41:<65 317933 04188<9 41:<47

�h{ 071477< 5199:; 04414:94 815644

�hp 316487 3137:: 317:;3 3159<:

�{ 313356 313334 313356 31333;

�p 3158:; 313696 314757 313:<4

�} 313345 313334 313349 313335

�� 3133:8 313337 3133:4 31337:

orj0oln1 591945; 5:14859

qr1 rev1 4:< 88

H^u4>w.4` 31;8( 51:5(

H^u'4>w.4` 8164( 914<(

�+u4>w.4, 31<6( 51;5(

�+u'4>w.4, 71;3( 519<(

H^�w.4` 61<<( 617<(

�w+�w.4, 41:5( 4184(



WDEOH 5

Vdpsoh dqg Lpsolhg Prphqwv ri wkh Whup Vwuxfwxuh

Prphqw 4<851L 0 4<<91LLL 4<;61L 0 4<<91LLL

4 |u1 6 |u1 43 |u1 4 |u1 6 |u1 43 |u1

D= Qrplqdo Whup Vwuxfwxuh

+4, H^u'q>w.4 � u'4>w.4` . �5+u'q>w.4 � u'4>w.4,@5 vdpsoh 316:5 31935 31:;7 3198< 41<8: 814;7

lpsolhg 31946 41744 5138; 31463 31879 41;:9

+5, �+u'q>w.4 � u'4>w.4, vdpsoh 417:7 7155: 4316;6 41385 61;<; 441889

lpsolhg 417;9 713<< 431868 41546 71476 46133;

+6, VU' @ +4,@+5, vdpsoh 31585 31475 313:9 31959 31835 3177<
lpsolhg 31745 31677 314<8 3143: 31465 31477

+7, H^|'q>w.4 � |'4>w.4` vdpsoh 31755 31:8< 41454 317<6 414;6 41<5:

lpsolhg 31655 31;58 41657 31393 31563 31987

+8, �+|'q>w.4 � |'4>w.4, vdpsoh 31537 316:: 3189< 31496 31649 31844

lpsolhg 3149: 3177< 31:9: 3145< 31688 31:6;

+9, �+|'q�4>w.4 � |'q>w.4, vdpsoh 317:7 316:: 31596 31677 31683 315<8

lpsolhg 317<; 316:8 315:4 3173: 316:; 31667

E= Uhdo Whup Vwuxfwxuh

+:, H^uq>w.4 � u4>w.4` . �5+uq>w.4 � u4>w.4,@5 lpsolhg 31889 415:; 41957 31536 31:37 513:6

+;, �+uq>w.4 � u4>w.4, lpsolhg 41539 51::3 61853 416<3 71;55 4714<9

+<, VU @ +:,@+;, lpsolhg 31794 31794 31794 31479 31479 31479

+43, H^|q>w.4 � |4>w.4` lpsolhg 315;; 31:96 415:6 313<; 3164; 31:75

+44, �+|q>w.4 � |4>w.4, lpsolhg 31499 31779 31:86 3138< 3153: 3197<

+45, �+|q�4>w.4 � |q>w.4, lpsolhg 31739 31588 313<5 31797 3176< 31697

F= Htxlwlhv

+46, H^uh>w.4 � +u'4>w.4 � �w.4,` vdpsoh :13<6 ;1<84

.�5+uh>w.4 � +u'4>w.4 � �w.4,,@5 lpsolhg ;1:47 719;;

+47, �+uh>w.4 � +u'4>w.4 � �w.4,, vdpsoh 481<37 471976

lpsolhg 481;:9 471:48

+48, VU @ +46,@+47, vdpsoh 31779 31944
lpsolhg 3187< 3164<



WDEOH 6

Rswlpdo Shufhqwdjh Doorfdwlrq wr q0Shulrg Erqg

�q � 433

Prgho U1U1D1 H1L1V1 H1L1V1

421:8 4133 425 428 4243 428333 421:8 4133 425 428 4243 428333

31:8 4:48 4:4: 4:4< 4:54 4:54 4:55
4 4644 4644 4644 4644 4644 4644

Lqgh{hg 5 :36 :35 :34 :33 :33 :33
Rqo| 8 66: 66: 66: 66: 66: 66:

43 548 548 549 549 549 549
8333 <6 <7 <8 <9 <9 <9

31:8 578 578 578 578 578 578
4 4;8 4;8 4;8 4;8 4;8 4;8

Qrplqdo 5 <9 <9 <9 <9 <9 <9
Rqo| 8 75 75 76 76 76 76

43 57 58 58 58 58 58
8333 . : 0 0 0 0

31:8 4457 4458 4459 4459 445: 445: 493 493 493 493 493 493
Lqgh{hg 4 ;9: ;9: ;9: ;9: ;9: ;9: 453 453 453 453 453 453
dqg 5 7;4 7;4 7;3 7;3 7;3 7;3 93 93 8< 8< 8< 8<

Qrplqdo 8 57< 57< 57< 57< 57< 57< 56 57 57 57 57 57
43 4:4 4:5 4:5 4:6 4:6 4:6 44 44 45 45 45 45

8333 <7 <8 <9 <: <: <: 04 3 3 3 3 3

31:8 67;9 67<3 67<9 67<< 6833 6834 04338 04339 0433; 0433< 0433< 04343
Erwk 4 5995 5995 5995 5995 5995 5995 0:9< 0:9< 0:9< 0:9< 0:9< 0:9<

Qrplqdo 5 4754 474< 4749 4747 4747 4746 0746 0746 0745 0744 0744 0744
+6/43|, 8 9:6 9:6 9:5 9:5 9:5 9:5 04<< 04<< 04<< 04<< 04<< 04<;

43 757 757 758 759 759 759 045; 045; 045; 045; 045; 045;
8333 . 4:9 0 0 0 0 . 08: 0 0 0 0

�L|iG R � � �?_�U@|it |�@| |�i hiU�ht�L? uLh 4 UL?�ih}i_ |L 4 ' � @?_ Rn� |�@| �| UL?�ih}i_ |L @ ?i}@|��i

�@*�i�



WDEOH 7

Shufhqwdjh Khgjlqj Ghpdqg Ryhu Wrwdo Ghpdqg

�q>khgjlqj+�> #,@�q+�> #, @ ^4� �q+4> #,@ +��q+�> #,,`� 433

Prgho U1U1D1 H1L1V1 H1L1V1

421:8 4133 425 428 4243 428333 421:8 4133 425 428 4243 428333

31:8 041< 041; 0419 0419 0418 0418
4 313 313 313 313 313 313

Lqgh{hg 5 91; 919 918 917 917 916
Rqo| 8 5515 5515 5514 5514 5514 5514

43 6<13 6<14 6<15 6<16 6<16 6<17
8333 <<1: <<1: <<1: <<1: <<1: <<1:

31:8 031< 031< 031< 031< 031< 031<
4 313 313 313 313 313 313

Qrplqdo 5 617 618 619 619 619 61:
Rqo| 8 4515 4518 4613 4616 4617 4618

43 561; 5717 5816 581< 5914 5916
8333 . <<17 0 0 0 0

31:8 051< 051; 051: 0519 0519 0519 314 314 315 315 315 315
Lqgh{hg 4 313 313 313 313 313 313 313 313 313 313 313 313
dqg 5 <1< <1; <1; <1: <1: <1: 0317 0317 0318 0318 0318 0318

Qrplqdo 8 6316 6317 6317 6318 6318 6318 041< 041; 041: 0419 0419 0418
43 7<17 7<18 7<1: 7<1; 7<1< 7<1< 0718 0714 0618 0615 0614 0613

8333 <<1; <<1; <<1; <<1; <<1; <<1; 43714 4371; 43916 43:18 43;14 43;1:

31:8 041; 041: 0418 0417 0417 0417 0513 041< 041: 0419 0419 0419
Erwk 4 313 313 313 313 313 313 313 313 313 313 313 313

Qrplqdo 5 916 915 913 81< 81< 81; :13 91; 919 918 918 918
+6/43|, 8 5413 531< 531; 531; 531: 531: 551: 551: 5519 5519 5518 5518

43 6:15 6:16 6:17 6:18 6:18 6:18 6<1: 6<1; 6<1< 6<1< 6<1< 7313
8333 . <<1: 0 0 0 0 . <<1: 0 0 0 0
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WDEOH 8

Shufhqwdjh Phdq Rswlpdo Frqvxpswlrq0Zhdowk Udwlr

dqg Shufhqwdjh Yrodwlolw| ri Frqvxpswlrq Jurzwk

H^Fw@Zw`� 433 � +�fw.4 �Hw ^�fw.4`,� 433

Prgho U1U1D1 H1L1V1 H1L1V1

421:8 4133 425 428 4243 428333 421:8 4133 425 428 4243 428333

31:8 3143 31<; 515< 613: 6166 618< 631:9 63154 5<184 5<148 5<137 5;1<6
4 3168 31<; 41<4 517: 5198 51;6 56197 5613: 55163 541;< 541:9 54196

Lqgh{hg 5 31:6 31<; 4167 4189 4196 41:3 451<6 45169 44187 44139 431<4 431:9
Rqo| 8 31<9 31<; 4133 4135 4136 4136 917; 81<6 8144 7194 7178 715<

43 4136 31<; 31;< 31;7 31;6 31;4 7166 61:< 51<: 517: 5164 5147
8333 4144 31<; 31:; 3199 3196 318< 514: 4198 31;7 3167 314: 3133

31:8 31<; 31<; 31<: 31<9 31<9 31<8 46185 4615: 451<7 451:9 451:4 45198
4 4136 31<; 31;< 31;7 31;5 31;4 4316< 43147 <1;4 <197 <18< <187

Qrplqdo 5 4144 31<; 31:: 3198 3194 318: 81:4 8179 8149 8136 8133 71<;
Rqo| 8 414: 31<; 319< 3185 3179 3173 51<: 51:3 5179 5178 517: 5183

43 4153 31<; 3196 3176 3169 315< 5143 41;5 4199 41:9 41;6 41<5
8333 . 31<; 0 0 0 0 . 4138 0 0 0 0

31:8 3186 31<; 4197 5137 514: 5163 5617< 551<< 55163 541<5 541;3 5419;
Lqgh{hg 4 319; 31<; 4175 419< 41:; 41;: 4;147 4:195 491;< 4917; 49168 49155
dqg 5 31;< 31<; 4143 414; 4153 4156 4313< <18: ;1;4 ;16: ;155 ;13;

Qrplqdo 8 4135 31<; 31<4 31;: 31;9 31;8 815< 71:: 61<< 6186 616: 6155
43 4139 31<; 31;8 31:: 31:7 31:5 61:4 614; 516< 41<5 41:9 4194

8333 4146 31<; 31:9 3198 3194 318: 514< 419: 31;8 3168 314< 3136

31:8 3136 31<; 516< 6157 6185 61;3 64173 631;8 63149 5<1;3 5<19< 5<18<
Erwk 4 315< 31<; 41<< 5193 51;3 6133 57146 56188 551:< 5516; 55158 55146

Qrplqdo 5 319< 31<; 4173 4198 41:7 41;5 4614< 45195 441;3 44166 4414: 44135
+6/43|, 8 31<6 31<; 4137 413; 4143 4144 9195 913: 8159 71:: 7194 7178

43 4134 31<; 31<5 31;; 31;: 31;9 7177 61<4 6144 5197 517; 5165
8333 . 31<; 0 0 0 0 . 41;5 0 0 0 0

�L|iG R � � �?_�U@|it |�@| |�i hiU�ht�L? uLh 4 UL?�ih}i_ |L 4 ' � @?_ Rn� |�@| �| UL?�ih}i_ |L @ ?i}@|��i

�@*�i�



WDEOH 9

Rswlpdo Shufhqwdjh Doorfdwlrq wr q0Shulrg Erqg

Xqghu Eruurzlqj dqg Vkruw0Vdoh Frqvwudlqwv

�q � 433

Prgho U1U1D1 H1L1V1 H1L1V1

421:8 4133 425 428 4243 428333 421:8 4133 425 428 4243 428333

31:8 433 433 433 433 433 433
4 433 433 433 433 433 433

Lqgh{hg 5 433 433 433 433 433 433
Rqo| 8 433 433 433 433 433 433

43 433 433 433 433 433 433
8333 <6 <7 <8 <9 <9 <9

31:8 433 433 433 433 433 433
4 433 433 433 433 433 433

Qrplqdo 5 <9 <9 <9 <9 <9 <9
Rqo| 8 75 75 76 76 76 76

43 57 58 58 58 58 58
8333 . : 0 0 0 0

31:8 3 3 3 3 3 3 433 433 433 433 433 433
Lqgh{hg 4 44 44 44 44 44 44 ;< ;< ;< ;< ;< ;<
dqg 5 89 89 89 89 89 89 77 77 77 77 77 77

Qrplqdo 8 ;5 ;5 ;5 ;5 ;5 ;5 4: 4: 4; 4; 4; 4;
43 <4 <4 <4 <4 <4 <4 < < < < < <

8333 <6 <8 <9 <: <: <: 3 3 3 3 3 3

31:8 3 3 3 3 3 3 433 433 433 433 433 433
Erwk 4 47 47 47 47 47 47 ;9 ;9 ;9 ;9 ;9 ;9

Qrplqdo 5 ;3 ;3 ;3 ;3 ;3 ;3 53 53 53 53 53 53
+6/43|, 8 433 433 433 433 433 433 3 3 3 3 3 3

43 433 433 433 433 433 433 3 3 3 3 3 3
8333 . 75 0 0 0 0 . 3 0 0 0 0
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WDEOH :

Shufhqwdjh Phdq Ydoxh Ixqfwlrq

H^Yw`� 433

Xqfrqvwudlqhg Frqvwudlqhg

Prgho U1U1D1 H1L1V1 H1L1V1

421:8 4133 425 428 4243 428333 421:8 4133 425 428 4243 428333

31:8 - 47184 816: 713< 61;5 6193 319; 319: 3197 3195 3194 3193
4 54176 919; 61:7 6144 51<9 51;7 319; 319: 3197 3195 3194 3193

Lqgh{hg 5 5168 513; 41;8 41:8 41:6 41:3 319; 319: 3197 3195 3194 3193
Rqo| 8 4137 4137 4136 4136 4136 4136 319; 319: 3197 3195 3194 3193

43 31;5 31;5 31;5 31;4 31;4 31;4 319; 319: 3197 3195 3194 3193
8333 3199 3198 3195 3193 3193 318< 3199 3198 3195 3193 3193 318<

31:8 31<9 31<: 31<8 31<8 31<8 31<8 31:: 31:: 31:8 31:7 31:7 31:7
4 31;5 31;5 31;4 31;4 31;4 31;4 31:8 31:7 31:5 31:4 31:4 31:3

Qrplqdo 5 3199 3196 3194 318< 318; 318: 3199 3196 3194 318< 318; 318:
Rqo| 8 318: 3186 317< 3177 3175 3173 318: 3186 317< 3177 3175 3173

43 3185 317< 3174 3168 3165 315< 3185 317< 3174 3168 3165 315<
8333 . 3133 0 0 0 0 . 3133 0 0 0 0

31:8 81<; 61;3 51:8 5178 516: 5163 31<9 31<: 31<8 31<8 31<8 31<8
Lqgh{hg 4 51<7 5178 513; 41<7 41<3 41;: 31:8 31:7 31:5 31:4 31:4 31:4
dqg 5 415; 415: 4158 4156 4156 4156 31:4 31:3 319; 319: 3199 3198

Qrplqdo 8 31;8 31;8 31;8 31;8 31;8 31;8 319< 319; 3198 3197 3196 3195
43 31:8 31:8 31:6 31:6 31:5 31:5 319< 319: 3198 3196 3195 3194

8333 3195 3195 3193 318< 318; 318: 3194 3195 3193 318< 318; 318:

31:8 - 4:1<6 81;9 716: 7139 61;3 31<9 31<: 31<8 31<8 31<8 31<8
Erwk 4 691;9 :1<9 713; 6165 6148 6133 31:8 31:7 31:5 31:4 31:4 31:4

Qrplqdo 5 51:; 5168 5134 41;< 41;8 41;5 31:4 31:3 319; 3199 3198 3198
+6/43|, 8 4146 4145 4145 4144 4144 4144 319; 3195 3196 3194 3193 318<

43 31;: 31;: 31;9 31;9 31;9 31;9 3196 3186 318: 3187 3185 3184
8333 . 3133 0 0 0 0 . 3133 0 0 0 0
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WDEOH ;

Rswlpdo Shufhqwdjh Doorfdwlrq wr Htxlwlhv

dqg wr q0Shulrg Erqg

�� 433

Htxlwlhv q0Shulrg Erqg

Prgho U1U1D1 H1L1V1 H1L1V1

+D, Xqfrqvwudlqhg

421:8 4133 425 428 4243 428333 421:8 4133 425 428 4243 428333

31:8 0 756 756 756 756 756 0 47;; 47<8 47<; 47<; 47<<
4 0 64: 64: 64: 64: 64: 0 4473 4473 4473 4473 4473

Lqgh{hg 5 48< 48< 48< 48< 48< 48< 94< 949 946 944 943 943
Rqo| 8 96 96 96 96 96 96 637 636 634 633 5<< 5<<

43 65 65 65 65 65 65 4<; 4<; 4<: 4<: 4<: 4<:
8333 3 3 3 3 3 3 <6 <7 <8 <9 <9 <9

31:8 0 783 783 783 783 783 0 94 94 95 95 95
4 0 66: 66: 66: 66: 66: 0 7: 7: 7: 7: 7:

Qrplqdo 5 49; 49; 49; 49; 49; 49; 5; 5: 5: 5: 5: 5:
Rqo| 8 99 99 99 99 99 99 48 48 48 48 48 48

43 65 65 65 65 65 65 44 44 45 45 45 45
8333 . 05 0 0 0 0 . ; 0 0 0 0

+E, Frqvwudlqhg

421:8 4133 425 428 4243 428333 421:8 4133 425 428 4243 428333

31:8 0 433 433 433 433 433 0 3 3 3 3 3
4 433 433 433 433 433 433 3 3 3 3 3 3

Lqgh{hg 5 433 433 433 433 433 433 3 3 3 3 3 3
Rqo| 8 8; 8; 8; 8; 8; 8; 75 75 75 75 75 75

43 5< 5< 5< 5< 5< 5< :4 :4 :4 :4 :4 :4
8333 3 3 3 3 3 3 <6 <7 <8 <9 <9 <9

31:8 433 433 433 433 433 433 3 3 3 3 3 3
4 433 433 433 433 433 433 3 3 3 3 3 3

Qrplqdo 5 433 433 433 433 433 433 3 3 3 3 3 3
Rqo| 8 99 99 99 99 99 99 48 48 48 48 48 48

43 65 65 65 65 65 65 44 44 45 45 45 45
8333 . 3 0 0 0 0 . : 0 0 0 0
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WDEOH <

Rswlpdo Shufhqwdjh Doorfdwlrq wr Htxlwlhv

dqg wr q0Shulrg Erqg

Vdpsoh Shulrg= 4<;604<<9

�� 433

Htxlwlhv q0Shulrg Erqg

Prgho U1U1D1 H1L1V1 H1L1V1

+D, Xqfrqvwudlqhg

421:8 4133 425 428 4243 428333 421:8 4133 425 428 4243 428333

31:8 5:< 5:< 5:< 5:< 5:< 5:< 048 0; 04 4 5 6
4 53< 53< 53< 53< 53< 53< 49 49 49 49 49 49

Lqgh{hg 5 438 438 438 438 438 438 88 85 7; 79 78 77
Rqo| 8 75 75 75 75 75 75 :8 :6 :4 :3 9< 9<

43 54 54 54 54 54 54 ;4 ;3 ;3 :< :< :<
8333 3 3 3 3 3 3 ;: ;: ;< <3 <3 <3

31:8 5:8 5:8 5:8 5:8 5:8 5:8 046 09 4 6 7 8
4 53: 53: 53: 53: 53: 53: 4; 4; 4; 4; 4; 4;

Qrplqdo 5 438 438 438 438 438 438 8; 88 84 7< 7; 7:
Rqo| 8 77 77 77 77 77 77 :; :: :8 :7 :6 :6

43 56 56 56 56 56 56 ;7 ;7 ;7 ;7 ;7 ;7
8333 . 6 0 0 0 0 . <5 0 0 0 0

+E, Frqvwudlqhg

421:8 4133 425 428 4243 428333 421:8 4133 425 428 4243 428333

31:8 433 433 433 433 433 433 3 3 3 3 3 3
4 433 433 433 433 433 433 3 3 3 3 3 3

Lqgh{hg 5 8; 8< 95 96 96 97 75 74 6; 6: 6: 69
Rqo| 8 5< 63 64 65 66 66 :4 :3 9< 9; 9: 9:

43 53 53 54 54 54 54 ;3 ;3 :< :< :< :<
8333 3 3 3 3 3 3 ;: ;: ;< <3 <3 <3

31:8 433 433 433 433 433 433 3 3 3 3 3 3
4 433 433 433 433 433 433 3 3 3 3 3 3

Qrplqdo 5 8; 8< 94 96 96 97 75 74 6< 6: 6: 69
Rqo| 8 5: 5; 5< 63 63 63 :6 :5 :4 :3 :3 :3

43 4; 4; 4: 4: 4: 4: ;5 ;5 ;6 ;6 ;6 ;6
8333 . 6 0 0 0 0 . <5 0 0 0 0
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